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Abstract

One of the disadvantages of statically typed languages is the pro-
gramming overhead caused by writing al the necessary type infor-
mation: Both type declarations and type definitions are typicaly
required. Traditional type inference aims at relieving the program-
mer from the former.

We present a rule-based constraint rewriting algorithm that re-
constructs both type declarations and type definitions, allowing
the programmer to effectively program type-less in a strictly typed
language. This effectively combines strong points of dynamically
typed languages (rapid prototyping) and statically typed ones (doc-
umentation, optimized compilation). Moreover it alows to quickly
port code from a statically untyped to a statically typed setting.

Our constraint-based algorithm reconstructs uniform polymor-
phic definitions of algebraic data types and simultaneously infers
the types of all expressions and functions (supporting polymorphic
recursion) in the program. The declarative nature of the algorithm
allows us to easily show that it has a number of highly desirable
properties such as soundness, completeness and various optimality
properties. Moreover, we show how to easily extend and adapt it
to suit a number of different language constructs and type system
features.

Categories and Subject Descriptors  D.3.3 [Language Constructs
and Features]: Datatypes and structures, Polymorphism, Recursion

General Terms  Algorithms, Languages

Keywords algebraic data type, type definition, type reconstruc-
tion, parametric polymorphism, polymorphic recursion

1. Introduction

The many advantages of static typing need no explanation in the
functional programming community, that has been and keeps pro-
ducing most of the research on this topic.

And yet, one of the strong arguments of the dynamic languages
community, consisting of untyped FP languages (e.g. Lisp), most
LP languages (e.g. Prolog) and the so-called scripting languages
(e.g. Python), argue that adding type information slows down
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the development effort, and is particularly ill-suited for rapid-
prototyping purposes. Indeed, adding type information requires
typing more characters and extending existing code requires updat-
ing function signatures and modifying type definitions.

Type inference can be seen as the first step to accommodate
this disadvantage of typed functional languages, improving rapid-
prototyping capabilities by relieving the programmer from writing
function signatures. In this paper, we tackle the second hurdle by
allowing the programmer to also omit type definitions. We propose
an algorithm that simultaneously infers polymorphic algebraic data
type definitions and performs ordinary type inference in terms of
those definitions.

This approach brings the rapid prototyping capapilities of typed
languages on par with those of untyped languages. It alows dy-
namic typing style programming, within the boundaries of the type
system. Of course, the algorithm also produces type information,
that can be inspected a posteriori by the origina programmer to
look for unintended situations (and hence potential bugs), and by
users as a documentation.

The obtained information is also quite useful information for
automated reasoning purposes: optimized compilation of typed lan-
guages leads most often to more efficient code [25, 28] (e.g. min-
imal or no runtime type information, such as tagging or boxing, is
required) and type information has been shown to greatly improve
termination analysis [15].

In this paper, we particularly adhere to the familiar type sys-
tem of (a subset of) Haskell. In this way we do not have to design
anew, unfamiliar type system with possible ugly twists to accom-
modate dynamic typing constructs. The one concession we make to
greater than standard typing flexibility, is unrestrained polymorphic
recursion. We rely on the sound principles of Henglein's inference
algorithm, to contribute a practical and sound solution, to a theo-
retically undecidable problem.

Therest of this paper is structured asfollows. First, in Section 2,
we define a simplified functional language, A}, in terms of which
we formulate the rest of this paper. Next, Section 3 briefly summa-
rizes the challenges of type inference with polymorphic recursion.
Then, in Section 4 the core ADT definition reconstruction algo-
rithmisexplained. Section 5 illustrates the steps of the algorithm on
asmall example. Section 6 discusses a number of important prop-
erties of thisalgorithm. A number of extensions and variations that
make the algorithm more useful and adapt it to dightly different
type systems, are presented in Section 7. Our prototype implemen-
tation is presented in Section 8. Finally, we discuss related work in
Section 9 and conclude in Section 10.



2. TheA; Language

We define, based on A in Chapter 6 of [23], the A} language as
the extension of the \-calculuswith namesfor closed A-expressions
and algebraic data types.

2.1 Syntaxof A

An A} program consists of zero or more function definitions' and
one main expression:

Program P
Definition D
Expresson FE

{D} E

f=E

case F of [Pa; — E;;
Kxi...2n

Pattern Pa

where z, f and K are drawn from digoint sets X', F and K of
variables, function names and data constructors (of algebraic data
types). We use [. . .];=, to denote a sequence E; ... E,; therange
is usually left unspecified. In abuse of syntax we also denote a
conjunction of constraintsci A ... A ¢, @S [cils.

In a well-formed program, every function name used in an
expression appears exactly once on the Ihs of afunction definition,
there are no free variables in the main expression or the rhs of any
function definition and all the variables in a pattern are distinct. In
addition, without loss of generality we assume that every variable
is bound exactly once, in either a function abstraction or a case
pattern.

The operational semantics of A} isof no particular concern for
the purpose of this paper; the reader may pick her/his favorite ex-
ecution strategy. We note though that partial application of data
constructors is not allowed. Because partial application does not
make the number of constructor arguments explicit, we may have
no means to determine it from the program. However, partial appli-
cations can be easily encoded with the help of lambda abstractions
over full applications.

2.2 TypeExpressions
Type expressions are
T = a|lt—=7|Tn...7a

where « ranges over the set TV of type variables and T' ranges over
theset 7 of ADT type constructors. Every T" has afixed associated

arity a > 0.
An ADT definitionisarule of the form:
data’ [aslicy = Kuilmigli [ Kn [7i,]in

where T € T, the «; are distinct type variables, the K; are either
pairwise distinct data constructors or have pairwise different arities
and the type variables in the 7;; appear dl on the lhs (the ADT
is transparent). In addition, we require uniform recursion [22]: al
instances of T" [a;]; that appear in therhs, areidentical to T [avi];.

The types of function and ADT definitions are actualy type
schemesVa.7, where & arethetype variablesin 7. Asiscustomary
in Haskell to avoid undue clutter, we do not explicitly write these
quantifiers.

With a type substitution 0 = [r1/a1,...,™/axn] @ new type
7' = 760 may be derived from atype 7 by replacing all occurrences
of type variables «; by type 7; (1 < i < n). We say that a type
7' isatype instance of 7, denoted 7’ <: 7, iff there exists a type
substitution § such that 7/ = 76. For example, (a1 — a1) <:
(Oél — az) because (a1 — 041) = (Oél — ag)[al/ag].

1 Recursive function definitions are equally expressive as the often used
polymorphic let expressions and lead to the same typing complications.
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(Vvar)yz:7hx o7
<
I f:7Ff:7
(data 7 = ... | K[r]i| ...) €T
1"}—61':7'1-' Ti':n@
' Klei)i : 70
Fx:mbFe:m

(FuN)

(Cons)

(ABS)

't Xzxe:m — 1
I'tei:m1 — 1 I'kFes:m
F}—(elez):Tg
T'kFe:m D,z b Kilzjl:n
F,xiznl—ei:m
I' - (case e of [K;[z;]; — ei])
I'kFe:r f:T7el
I'Ff=e:o
'Ffi=e:o I'kFe:T
F}—[fi:ei]ie:o

(APP)

L T2

(DEF)

(PROG)

Figure1. Typejudgement rulesof A;-

2.3 Typing Judgements

A typing judgement T" I e : 7 asserts that expression e has type 7
for the type environment I'. A type environmentI' = AU XU ®
is the union of a set A of ADT definitions, a set ¥ of function
typings f : 75 and a set ¢ of variable typings x : 7. A type
environment T" is well-formed, when it contains at most one typing
for every variable and function, and when it contains at most one
ADT definition for every ADT type constructor. Moreover, every
type expression in I' must be constructed from type variables,
arrows and the ADT constructors defined in T'. Throughout the rest
of this paper we assumethat all type environments are well-formed.
Note that our definition of awell-formed type environment is more
liberal than is usua in that we allow the same data constructor to
occur in multiple ADT definitions. Haskell does not allow this,
because it causes ambiguity among others in combination with
partial application of constructors.

A judgement of the foom I" + e : ¢ asserts that e is well-
typed in the (well-formed) type environment T'. The type rulesin
Figure 1 define the typing judgements for A} For a well-formed
program, a particular well-typing can be characterized by the tuple
(A, X, 7.), consisting of respectively the data declarations, the
function signatures and the type of the programs main expression.
Hence we call this tuple also a (well-)typing of the program.

In abuse of syntax, we extend the <: relation over typings of
identical expressions:

(e:m) <:(e:m)em <:T2
and over sets of typings:
Y < Yo =
(V(e:m)€X1:3(e:72) €Xe: 11 <:7T2)
AV(e:m) €Xe:3(e:T1) €EX1: 71 <:T2)

3. Typelnferenceunder Polymorphic Recursion

Before we start with the explanation of our ADT definition recon-
struction algorithm, we would like to remind the reader of the un-
decidability of type inference with polymorphic recursion (Section
3.1). Despite thistheoretical result, Henglein has proposed an algo-
rithm that is well-behaved in practice. We briefly summarize it in
Section 3.2 asit forms the basis of our reconstruction.



3.1 Undecidability of Type Inference

The decidability of type inference depends on the existence of an
algorithm that finds a type for every well-typed program. Type
inference for pure A-calculus is decidable. The simple unification-
based algorithm proceeds bottom-up through a term and assigns a
fresh type variable for every variable. Arrow types are introduced
for A-abstractions and types are unified appropriately for function
application. In this way the principal type of an expression is
computed.

Kfoury et a. [14] and Henglein [11] have shown independently
that the type inference problem for A™ is (polynomial-time) equiv-
alent to the Semi-Unification problem, which is known to be un-
decidable [13]. The unification-based agorithm for the A-calculus
may be adapted to AT by iteration until afixed point is reached.
However, this iterative process may not terminate as illustrated by
the following example taken from [23]:

Example 1. Compute the type of the function definition f = A\x. f.
The iterative algorithm starts with type «q for the f call. Then it
findsar — ap for Az. f. Thetype ao isnot an instance of thistype.
So a second iteration step is taken, assuming oy — « for f. The
type found for Az.f thenisas — (a1 — ap); againitisnot an
instance of the assumed type and the iteration continues for ever.

A number of restrictions have been proposed to enforce termi-
nation. The Hindley-Milner algorithm YW[18] requires that recur-
sive calls have the same type as their definitions (monomorphic re-
cursive calls) whereas Mycroft [20] requires explicit type declara
tionsfor recursive definitions; Mercury [26] only accepts programs
for which the type inference algorithm reaches afixed point in less
than some fixed number of iterations. An unfortunate consequence
it that not always the principal typeis derived.

3.2 A Practical Algorithm

Henglein's algorithm A [11] provides a different approach that
avoids the pitfalls of the iterative Hindley-Milner agorithm. The
algorithm appears to be quite practical: an ML-implementation [4]
is based on it and no program is known for which the inference
algorithm does not terminate.

It transforms the type inference problem into an equivalent
system of equations and inequations. This constraint system is
subsequently represented as an arrow graph and transformed by
a set of rewriting rules to obtain the principa type. The algorithm
contains an extended occurs check that avoids a non-termination
pitfall of the traditional approach. This check essentially identifies
configurations of type constraints that give rise to infinite type
expressions: A type appears in one of its own arguments or appears
in an argument of one of itsinstances.

We base our type reconstruction approach on Henglein's algo-
rithm in order to deal with polymorphic recursion in a practical
manner.

4. General ADT Reconstruction
Let us start with formally stating the object of ADT reconstruction:

Definition. ADT reconstruction derives for a given program P a
well-typing (A, X, 7.) or failsif no such well-typing exists.

Our approach consists of three phases, of which the first two
also appear in traditional type inference:

1. aconjunction of type constraints C' is derived from program P,

2. these type constraints C' are rewritten to a normalized (solved)
form C’, and

3. aset of type definitions T is extracted from the normal form C’.
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4.1 Type Constraint Derivation

For the purpose of constraint derivation we assume that a distinct
type 7 is associated with every occurrence of an expression. In
addition, every defined function and every variable has an asso-
ciated type 7; these are respectively denoted as fun(f) : 7 and
var(x) : 7.

We use the notation 7/ <:¢ 7 to say that 7’ is an instance of 7
through some (unspecified) substitution 6.

o7 var(x) : T

T
(VAR)

fir

=7
fun(f): 7

T <oT

il T Klei]: 1

T 2 K[7i]

T1 € : T2

(FUN)

(&
(Cons)

AL.e: T3

T
(ABS)
arrow(7s, T1,T2)
e1 . T1 €o 1 T2 €1€2 . T3
(ApPP)

arrow (71, T2, T3)

PitTii €i T2
e:T caseeof |[p; — e;|): T

(Case) & ( [pi —ei]):m

Ti,i = T1

(0ER) fun(f): 7 e:T /
T=rT

T2,i = T2
! f=eeP

Figure2. Constraint derivation rulesfor A}

The rules of Figure 2 give the type constraints on the types of
the different kinds of expressions. A rule states that the constraints
below the bar are inferred for the associated types above the bar.

We use the following constraints:

e The = constraint is the standard equality predicate.

e The constraint 71 <: 72 statesthat = is atype instance of 7».
The <: symbol is decorated with a different index 6 in each
use of the (FUN) rule. This will alow us to express that each
occurrence f corresponds with a different type instance of its
declared type.

e The constraint + O K|[r;] states that 7 is an ADT whose
definition contains K[r;].

o Findly, the constraint arrow(r, 71, 72) expresses that 7 is a
type of the form 7, — 7> (an arrow type).

4.2 TypeConstraint Theory

Now we formally define the above constraints, together with a
number of auxiliary ones, in terms of a constraint theory. We take
special care to formulate the axioms of this theory as implications,
asthiswill help usto derive an executabl e rewriting algorithm from
them.

Equality The standard axioms of equality state that = is a re-
flexive, symmetric and transitive relation and that a type can be
replaced by an equal type inside another type or constraint.

Instance The instance constraint <: has the anti-symmetry and
transitivity properties. We formally write the former asit will be of
interest later:

)

Arrow Types For simplicity we start off with the axioms for
arrow types. These directly correspond with Henglein's inference
algorithm and do not contribute to the reconstruction problem itself.

V7T, T2 :T1 <:Te ATo <IT1 = T1 = T2
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Figure 3. Extended occurs check example

However, they have to be deat with in our setting of A;j and
they are useful for comparing the complexity of inference and
reconstruction.

Thefollowing pair of axioms expressesthat thereisaoneto one
correspondence between an arrow type and its components.

! / !
V7,7 11,72 ¢ arrow(T, 71, T2) A\ arrow (T, T1,T2) = T =T

@)
©)

YT, T1, T2, T1, T :arrow (T, T1,T2) A\ arrow (T, T, 7'2')
ST =TIAT2 =T
Theo <: 7 constraint is axiomatized as follows:

e Firstly, if 7 is an arrow type, then so must be o, and the
components of o must be instances of the components of 7:
V7,0,T1,T2,0 : 0 <:g T A arrow(T,T1,T2) @

= Jo1,02 : arrow(o,01,02) N o1 <ig T1 A o2 <:ig T2

Secondly, if two types o1 and o are instances of type 7 under
the same type substitution (the type substitution for call ) then
they must be the same:

©)

Now we introduce an auxiliary constraint; it is inductively de-
fined. An arrow type 7 defined as arrow (7, 71, 72) depends on an-
other type o, denoted 7 ~~ o, if o is one of the components 7; or
one of the components 7; depends on o. The axiomatization:

V7,71, 72,01 T1 <o TAT2 <t T=T1=T2

(6)
)

The ~ constraint facilitates the recognition of untypable pro-
grams by means of a so called extended occurs check:

VT, 71, T2 ¢ arrow (T, T1,T2) = T ~» TL AT ~» T

VT1,T2, T3 T1 ~ To ATa ~> T3 = T1 ~> T3

V1,71, T2, T ¢ arrow(T, 71, T2) AT <: TAT ~ 7' = false (8)

This extended occurs check detects problematic constraint sets that
yield infinite type expressions. Note that the basic occurs check (a
cyclein the term structure of the type) is a specia case.

Example 2. Figure 3 illustrates the problematic configuration of
constraints that arises in Example 1. The types of the function f,
the variable = and the function call are denoted by 7, 7, and 7}
respectively. The full arrows denote the ~~ relation and the dashed
arrow the <: relation. Repeated application of Axiom 4 would lead
to an infinite number of constraints and an infinite type expression.
However, the extended occurs check detects the cycle between 7
and 7} and concludes inconsistency.

ADTs An arrow typeisvery similar to an ADT; lambda abstrac-
tion may be considered its data constructor. Hence, it is not sur-
prising that ADT type expression are governed by the axioms we
saw above, only dightly generalized for multiple data construc-
tors and an arbitrary number of type parameters. In most axioms
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arrow (T, T1,T2) May appropriately be replaced with 7 O K|r]
and the constraints on 71, 72 with corresponding constraints on [r;].
In particular, Axiom 3 becomes:

VK, 7,7 T 2 KR AT 2 K] = [n=1] (9
and similarly for Axiom 4:
VT,K,Tj,T',H: TQK[Tj]/\T/<:9T (10)

= HTJ,- 7' D K[T;] A [T]/ <:0 Tj]

Contrary to arrow types, we do not carry over Axiom 2to ADTS,
because we allow data constructor overloading: a constructor may
be part of more than one ADT. This gives our ADTs more of a
nominal than a structural typing flavor: types may have the same
constructors, i.e. structure, and still be considered different. How-
ever, thisisnot essential, and our approach can be easily adapted to
disallow data constructor overloading.

As an ADT may have more than one data constructor, it is
necessary to enforce that an ADT and its instances share the same
set of constructors:

VK,L,Tl,TQ,TLj,TQ_’k;,e:
T 2D L[Tl,]’] ANTo D K[Tz_’k] N T <ig T1
= sk 71 2 K[73,k]

(11)

A consequence of the constraint derivation rule of the case
expression is that different types may be unified (a matching on
the level of values, but a unification on the level of types). Thisis
obviously the way in which we gather multiple data constructors
for the same type. However also some problematic situations arise
out of this:

e A type cannot be at the same timean ADT and an arrow type:

arrow (T, 71, 72) AT 2 K[7;] = false
(12)

e A type T may be the instance of two distinct types 71 and 7».
On the level of type expression terms, this is only possible if
they share the same type constructor. For the ADTs 7 and 7
the type constructor has not been determined yet. Hence, we
reguire that there is some third type of which the other two are
instances. This third type then corresponds with the as of yet
unknown type in the ADT definition:

VT7T177—27K7 Ti:

VT, T, To, K, L, 71,4, 72,5 ¢
T< T AT D K[T1:]A

T <:T2 AT2 2 L[m2 ;] (13)

:>37'3,’7'3_’¢,7'3_’j :
71 <: T3 AT3 2 Kl13,i]A
To <: T3 A T3 D L[734]

A final and essential difference is that the arrow type is pre-
defined and hence amounts purely to the traditional type inference,
whereas in the reconstruction problem we do not know the shape of
the ADT type expressions yet. In particular we do not know what
and how many type parameters the ADT type constructors have.
This forces a circumspectiveness; a priori we cannot make any as-
sumptions.

In fact, a dual thinking arises out of the superficialy trivial
equivalent of Axiom 6:

V1,7, K« 7 2 K[| = [T~ 7] (14)

For the arrow types the ~~ constraint expresses a relation between
a (type expression) term and its subterm. For ADTSs, the subterm
relation is but one possibility. As we will see, the other possibility
for 1 ~ 7o isthat =, is atype that appears in the rhs of the data
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Figure4. Example of extended occurs check for ADTs
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definition of ;. This becomes entirely clear when we explain the
procedure for reconstructing the type definitionsin Section 4.4. L et
us for now accept this dua interpretation of ~~ and investigate its
repercussions.

Firstly, the extended occurs check needs to be adapted to:

Vv, K, 7,7 T D K[RAT <TAT~ 1T =71=17 (15

In contrast with the arrow types, a finite type expression is still
possible, namely when 7’ appears on the rhs of the ADT definition
of 7. So wedo not have to conclude inconsistency. Nevertheless, on
the level of the constraints the situation is very much the same as
for the arrow types: an infinite number of new types and constraints
can be generated with Axiom 10. The most general way to halt this
infinite sequence, isto short-circuit the cycle by unifying = and 7.
The cycle becomes an improper one and any new types generated
with Axiom 10 can be unified with already existing types through
Axiom 9. As a consequence of the short-circuiting, only uniform
ADT definitions are obtained.

Example 3. Consider the function definition f = KX f, which
is almost identical to Example 1, but contains data constructors,
rather than function abstraction. If we assume that 7, 7. and 7}
are respectively thetypes of f, X and the function call, then Figure
3 also represents the current example. The only difference is that
now Axiom 9 causes the generation of infinitely many constraints.
However with Axiom 15 we obtain Figure 4, which represents the
following well-typed program:

data Tk = K Tz Tk
data Tz = X

f o Tk
f=KXFf

Example 4. Let us consider what happens when a non-uniform
data type is used:

map = Af.\e.case e of
Az — fx
By — map (A\p.case p of Pa — f a) y

Given these data types, of which the first is non-uniform:

Aa | B (T (S a))
P a

data T a =
data S a =

the signature of the function could be map :: (a -> b) -> T a
-> b. In the process of type inference the data type definitions
are of course not yet known. Instead we obtain, among others, the
constraint 7, <: 7(p ) because of the recursive call. If we apply
Axiom 10 to thissituation, a new type ,» <: 7, iscreated such that
Ty 2 (B y'). By repeated application of Axiom 10 we end up with
an infinite chain of new instances, asin Figure 3. Our only way out,
the only other axiom that applies, is Axiom 15. This axiom unifies
Ty and 7 ,, thereby forcing uniformity. In the end, the inference
comes up with the following most general uniform type definitions
that still yield a well-typing for the function:
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Figure5. Example of short-circuited ADT instance

data T=A4S | B (TS)
data S =P S
map :: (S ->a) > T ->a

Note that we have to represent the dependency relation of arrow
types and ADT types with the same constraint ~, rather than with
two distinct constraints, because cycles of arrow types may go
through ADT types and vice versa.

Now, in Axiom 15 our conclusion actualy was that — would
have to appear in the rhs of its own type definition. This is only
true when there is a type definition for 7 itself. There is no type
definition for 7 itself, when 7 is an instance of another ADT type.
In that case we must move the equality constraint of Axiom 15
upwards in the instance hierarchy, to avoid the cycle through atype
constructor argument which leads to an infinite type expression.
Hence the complementary axiom:

V7, K, Tj, T2, 7,0 :

TIOK[GIAT > TATL> T2 AT <gT1 AT <:g T2 (16)
= T1 = T2

Example 5. Consider the following program, similar but slightly
more complex than Example 3:

g =1L

f = case 4 of
A->KXf
B ->g

In Figure 5, on the left we see the situation after Axiom 15 has
been applied. For reasons of simplicity, only the relevant types
concerning the C relations involving the x data constructor have
been depicted. Without further constraints this situation would lead
to the following type information, with an infinite type for f:

data Ta = A | B
data Tz = X

data Tg a b =L [ Kabd
g ::Tgabd

f::Tg Tz (Tg Tz (...))

Ontheright in Figure 5 we see the situation after Axiom 16 has
been applied. The type information for this situation is:

data Tg a =L | K a (Tg a)
g :: Tg a
f ::Tg Tz

4.3 A Constraint Rewriting Algorithm

While Henglein presented his algorithm as a graph rewriting, we
think that clarity is much better served by a high-level constraint



rewriting algorithm. The set (conjunction) C, of constraints de-
rived from the program with the constraint derivation rulesis used
to initiaize the constraint store, the current working set of con-
straints that the algorithm operates on. The algorithm proceeds by
transforming the constraint store via a number of transformation
steps or rewritings (denoted with ~—) until the fina state C,, is
reached:

Co—CrLr—...— Cy

We write Cy —* C,, for short, when we do not wish to mention
the intermediate constraint stores.
A transformation steps is one of:

e removing aduplicate constraint, i.e.
CAche— CAhe

In practice a constraint that is already in the store, is never
effectively added anew.

¢ replacing an equality constraint with a substitution, i.e.
CATL =12 — C{r1/72}

In practice, equality constraints 7, = 712 are never explicitly
maintained in the constraint store, but immediately every oc-
currence of 2 is substituted by 7.2 Thistakes care of enforcing
the equality axioms.

e applying arewriting rule.
A rewriting rule is of the form:
if C; then action

where C; isaconjunction of constraints. C; is matched against the
available constraints in the constraint store, and if amatch isfound
the action is performed. An action is one of:

e add (3, which adds new constraints to the constraint store, or

e report failure, which reports that the constraint store is
inconsistent. In this case, the agorithm aborts and does not
produce afinal constraint store.

The rewriting rules, listed in Table 1, are based on the con-
straint axioms. Most of the rules speak for themselves, but those
derived from axioms that contain existential quantifiers need a lit-
tle more explanation. The rules for axioms 4, 10, 11 and 13 in-
troduce (ordinary) new types for the existentially quantified ones.
One must be careful with these new types, as they are the cause
of non-termination. The other rules do not add new types, and as
the number of constraints between afinite number of typesisfinite,
they cannot cause non-termination. Henglein has already dealt with
thisin his algorithm: the rule for axiom 4 must only be applied if
no other rule can be applied, otherwise an infinite chain of morein-
stantiated types may arise. The same strategy has to hold for the
corresponding axiom 10 for ADTs. The other two rules are not
problematic, when we take special care not to introduce an infinite
chain of more general types. That is why we do something special
with the rules for axiom 13: we introduce most genera types 7~
that are marked with a * (13.8). We do not constrain any of the ar-
guments of the data constructors of a most general type (this will
happen only through rule 16). If amost general type 7™ isinvolved
in axiom 13, we do not have to generate (and by definition cannot)
generate a more general type (13.b & 13.c).

When no more transformation step is possible, the normal form
C,, of the constraints has been obtained, which is passed on to the
type definition reconstruction phase.

2This is done conveniently by representing types  as logic variables and
= as (Prolog-style) unification of these variables.
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Theorem 1 (Confluence). The above rewriting algorithm is con-
fluent:

VCQ,Cl,CQ : Coh — C1ANCo — Coy = 3000 : 01000 =

where ¢, is a variable substitution that renames type variables
not occurring in Co.

Proof. All the transition steps either add new constraints, remove
duplicate constraints or replace equality with substitution. The first
does not prevent the execution of any other transition step. Nei-
ther does the second: removal of duplicate constraints, still allows
rewriterulesto apply to theidentical copies, producing the samere-
sult. Finally, we do not distinguish between substitution and equal -
ity constraints, so the third has no effect on the final outcome. O

In other words, the consistent solved form constraint store (if it
exists), is unigque up to renaming of existential type variables.

4.4 Type Definition Reconstruction
Type definitions and type expressions are derived simultaneously
from the normal form of the constraint store:

e A type « that neither appears as the first argument in an arrow
constraint or a D constraint, gets asitstype expression aunique
type variable a.

A type T such that 371,72 : arrow(r, 11, 72) has type expres-
sion t; — to2, Wwhere t, and to are the type expressions of 1
and to respectively.

An ADT type 7, that appears on the lhs of a O constraint, and
that isnot an instance of another ADT type, isassigned aunique
type constructor T'. This type constructor has as its arguments
the type expressions a; of corresponding types «;, such that
T ~ . The ADT definition that corresponds with 7 is:

data T[az] = ... |K1[t1] | .
where T D K|[r;] and thet; are the type expressions of the 7.

The type expression of an ADT type 7 that is an instance of
another ADT type 72 with type expression T'[t;], isT[s;], such
that s; are the type expressions of types o; such that o; <: 7;
and 7; hast; astype expression.

Theorem 2. The above rules derive a unique set of type definitions
and type expressions from the normal form of a constraint store.
The uniqueness of the type expressions is modul o the choice for the
type constructor names T, the ordering of the type variables a; and
the ordering of the data constructors in the ADT definitions.

Proof. The theorem follows quite simply from the fact that in a
normalize constraint store all type instances are acyclic and thereis
aunique most general ADT type for every ADT typeinstance. O

Together with Theorem 1, we may conclude that the output of
our agorithm is fully deterministic modulo some naming choices.
Some heuristics may be defined to guide these choices, but in
general they seem arbitrary for an automated process. If used as
human readable documentation, a human should be involved in
them. A good integrated devel opment environment may present an
arbitrary choice by default, and have the programmer adapt it when
desired.

The introduction of most general types 7* may lead to overly
parameterized ADT definitions. It is quite easy to obtain more
specialized ADT definitions by means of anti-unification of all the
instances.



Axiom Rewrite Rule
D] ifn<mATR<nT then add 1 = >
(2 | if arrow(r, 1, 72) A arrow(T’, 71, T2) then add T =17’
(3) | if arrow(r,T1,72) A arrow(T, 1, T5) then add T = 7] ATe = T4
(4) | if 0 <:9 T A arrow(T, T1,T2) then add arrow(o,01,02) Ao1 <ig T1 Aoz <ig T2
B) | ifn<oTAT2<iT then add 71 = 7
(6) | if arrow(r,T1,T2) then add 7~ T1 AT ~ T2
(7) | if 11~ T2 ATa ~ T3 then add 71 ~ 73
(8) | if arrow(r, T, ) AT <iT AT~ T then report failure
9 | if 7 2 K[| AT 2 K[7{] then add [1; = 7]
(10) | if T D K[1j]AT <o T then add 7' D K[7}] A [1] <: 7]
(11) ifmy :_)L[Tl,j]/\TQ :_)K[Tg,k]/\TQ <:9 T1 then add 7y QK[Tg,j]
(12) | if arrow(r, 71, 72) AT 2 K7 then report failure
(138) | if 7 <: 71 AT 2 Kr1,4]A then add 11 <: 73 A3 2 Kl73,]A
T <: T2 AT2 2 L[r2,5] Ty <: T3 AT3 2 L[73,4]
(13.b) | if 7 <: 74 AT 2 Klr14]A then add 72 <: 77 A7 2 L[73;]
T<:To ANT2 D L[Tg’j]
(13.c) | if 7 <:7f ATt D K[11,4]A then add 7y = 75
T <: 73 ATy 2 L[ra]
14) | if 7 O K|m] then add [T ~ 7]
(15) | if T D K[| AT <T AT~ T then add T =17’
(16) | if 1 D K[1j] AT~ TATI~> o AT <:ig I AT <:gTo then add7m =7

Table 1. Rulesof the Type Constraint Rewrite Algorithm

Example 6. Assumetheinferred ADT definition is:

data T a = K a

and instancesare T (S R) and T (S §). The anti-unification of
these two instances yields T (S b). The substitution that obtains
this most specific generalization of all instances from the ADT
definitionis@ = {a/S b}. If we apply this substitution to the ADT
definition we get:

data T (S b) =K (S b)
Normalizing this definition we get:
data U b = K (S b)

with U a new type constructor and ¢» = {7T'(S b)/U b} the
substitution that we need to apply to the instancesto render themin
terms of the specialized ADT definition. In casu, the two instances
become U Rand U @ respectively.

This speciaization of the most general types has to take place
on the normal form of the constraint store. That istheforminwhich
all instances of the most general types have been made explicit.

5. Elaborated Example

Example 7. Consider the following classic list append program?®,
where every subexpression has a unique subscript:

append = (\lx Alys .
(case lzs of
[J7 -> lyn1
(z9 :z510)8 —> (713 ((appendir xsi18)15 lyie)ia)12
)5)3)1
We start with assigning a type to every function and variable:
fun(append) : Ta, var(lz) : Tiz, var(ly) : Tiy, var(z) : 7, and
var(zs) : Tzs. AlSO every expression with subscript 4 is assigned

type 7;. Using the constraint derivation rules, we then obtain the

3The symbals [] and (:), the latter used in infix notation, are the two data
constructors of listsin Haskell.
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initial constraint store Cy:

Ta =T1 7 2 [] T12 2 (T13:T14)
arrow(T1,72,73) Ts 2 (T9:T10) Te = T13

Tie = T2 Te = To arrow(T1s, Ti6, T14)
Co = arrow (73, T4, Ts) Tas = T10 arrow (717, Tis, 715)

Ty = T4 Ts = Ti1 17 <1 Ta

T6 = Tr Tiy = Ti1 Tas = T18

Te = Tg T5 = T12 Tiy = 716

Tie = T6

Replacing the equality constraints with substitutions, we get:

arrow (Ta, Tia, T3)
arrow(Ts, Ty, Tiy)
Tiz :_) [J
Tiz 2 (Tm -'Tzs)

Tiy 2 (Tiy:T14)
arrow(T1s, Tiy, T14)
arrow (717, Tes, T15)

T17 <1 Ta

By propagating the <: constraint, we get the additional con-
straints:

Tiy <1 Tiy

Tes <:1 Tiz
T14 <!1 Tiy

T15 <:1 T3

The first of these constraints triggers the extended occurs check of
ADTSs, unifying 7, with 7. The rightmost two imply the unification
of 71, with 714. Asa consequence 717 becomes equal to 7,. We end
up with the following final constraint store (where we have omitted
all ~ congtraints and instance constraints of the form r <:  for
readability reasons):

Tiz 2 [_]
Tiz 2 (Tz:Tiz)
Tiy D (Tiy:Tiy)

arrow (Ta, Tiz, T3)
arrow (Ts, Ty, Tiy)

Ch,

Fromthisfinal constraint store C', we obtain the following type
information (where we have chosen meaningful type constructor
names):

: List a /
a : Stream a

)

data List a =aq
data Stream a

append :: List a -> Stream a -> Stream a



Note that the resulting type information does not correspond with
the usual onefor append:

data List a = a : List a | []

append :: List a -> List a -> List a

The difference is twofold. Firstly, the Stream a type does not in-
clude the empty list data constructor [J]. The definition of append
apparently does not require such a data constructor. Secondly the
type of the first argument is different from the type of the second
argument and the result. Intuitively, we see that the inferred type
information is strictly more general than expected. The algorithm
only infers the information present in the code; it does not invent
additional constraints. e investigate this minimality property fur-
ther in Section 6.2.

6. Properties

In this section we investigate the properties of our algorithm. In
particul ar, we establish that it infers a maximal well-typing and that
theoretically it may not terminate.

6.1 Wedl-Typing

Theorem 3 (Soundness). If the ADT reconstruction algorithm
produces a tuple (A, X, 7.) for a program P, this tuple is a well-
typing of P.

Proof. We provide only an intuitive outline of the proof: It is ob-
vious that there is a one-to-one mapping* between the constraints
on type expressions, as used in the type judgements, and the con-
straints on type variables, asused in our algorithm. The axiomsthat
form the basis of the rewriting algorithm hold for both.

Now, the conjunction Cj of initial constraints on type variables
derived from the program P is equivalent to the constraints on
the type expressions in the type judgements. The algorithm then
applies a number of transformation steps, that preserve at all time
the equivalence of successive constraint stores:

¢ Removing duplicate constraints preserves equivalence:
VC,c:CNANches CAce
e Replacing equality with substitution preserves equivalence:
VC,Tl,TQ:C/\T1:TQ<:>C{T1/T2} B
e Applying arewrite rule based on an axiom of the form VC; =
C- preserves equivalence:
CACL& CACLACH

where 0 is avariable substitution such that C10 = C1.

In summary:
CoecCis...e0C,

The find store C,, which is mapped back to the equivalent type
expressions. Aswe have applied only equival ence-preserving steps,
the type judgement constraints have all been preserved. Hence the
obtained typing is effectively awell-typing. |

Theorem 4 (Completeness). If the ADT reconstruction algorithm
reports failure, then VI : T' I P : o (i.e. P has no well-typing).

Proof. From the above proofs, it follows that we do not add any
additional constraints beyond those of the type judgements. If our
algorithm detects that these constraints are inconsistent, then obvi-
ously there is no consistent well-typing possible. |

4The second half of the mapping is actually given in Section 4.4.
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6.2 Principal Typing

Because we allow data constructor overloading, our type system
does not have the principal typing property, i.e. for some program
P there is no well-typing that is strictly more general than that of
all other well-typings.

Example 8. The function f in the following program has two
distinct possible signatures, neither of which can be generalized.
data T1 = K
data T2 =

-—= f ::
-— f ::
f =K
Example 7 illustrates that our inference algorithm infers such a
set of data declarations for which multiple most general signatures
are possible: the one using both List a and Stream a, and the
other only usingList a.
However, our algorithm does infer one of the most general
typings with respect to the inferred set of ADT definitions:

Theorem 5. If the ADT reconstruction algorithm produces a well-
typing (A, X, 7.) for program P with main expression e, then

VN <Y AAUSY FPio) = =Y
VIl AUX ke T, = T.<:Te

Proof. We have shown above that the typing obtained by our algo-
rithm is equivalent to the required well-typing constraints. Hence,
any proper relaxation of these constraints, i.e. amore general typ-
ing than the derived typing, cannot be awell-typing, because it does
not satisfy all well-typing constraints. We conclude that the derived
typing is amost general well-typing. |

Despite of the lack of the principal typing property in general,
we can say that our algorithm has inferred the most general typ-
ing, when it does not produce a set of data type definitions with
overloaded data constructors:

Theorem 6. If the ADT reconstruction algorithm produces a well-
typing (A, 3, 7.) and A contains no overloaded data constructors,
then

V' AUY FP:o = Y <X

We give thisand the following theorems without proof, but these
can be easily constructed in the same style as the above proofs.

Beyond the ordinary minimality property for type inference
with given definitions, we can make several claims about the op-
timality of the inferred ADT definitions themselves.

Firstly, all the ADT definitions are actually used in some maxi-
mal well-typing:

Theorem 7. The produced maximal well-typing (A, X, 7.) issuch
that all ADTsin A areactually used, i.e.

VA'CA:(A'USFP:o)A(AUSFe: )= A=A

Theorem 8. Assume that the reconstruction algorithm infers a
well-typing for program P, where expressions e; and e2 have types
71 and 1 respectively. Then for any other well-typing of P where
e1 and ez have types 7{ and 73, it holds that:

(M=m=1=T3)A(T1 #Ts = T1 #T2)

In other words, the reconstruction algorithm infers the largest
possible number of pairwise distinct types.

This result is quite interesting for alias analysis. Two expres-
sions may refer to the same value (may dias) only if they have the



sametype. By assigning as many distinct types as possible, we may
obtain the strongest aliasing information possible from types.

We cannot use more ADT definitions for any maxima well-
typing:
Corollary 1. There is no larger set of ADT definitions than A,
whose ADTs can all be actually be used in a maximal well-typing.

6.3 Termination

Our algorithm tackles as a subproblem the principal type inference
with polymorphic recursion problem for arrow types, which is
known to be undecidable. In effect, the ADT subproblem has the
same structure, and may be expected to be equally undecidable.

As we have shown that our algorithm always infers maximal
types when it terminates, theoretically there must be some pro-
gramsfor which it does not terminate. However, aswith Henglein's
algorithm, we are not aware of any actual program for which it does
not terminate.

We quote Henglein to emphasize that the termination of the
inferenceisonly anissuefor programs that have problematic types:

...why type checking is no more practical than type in-
ference: there are constructible ML-programs that fit on a
page and are, at least theoretically, well typed, yet writing
their principal types would require more than the number of
atomsin the universe. Sowriting an explicitly typed version
of the program isimpossible to start with.

7. Variationson a Theme

Our agorithm can easily be extended or modified to suit a num-
ber of different settings. In this section we explore a number of
these variations: support for a number of predefined ADTS, disal-
lowed constructor overloading, strictly monomorphic recursion and
anumber of language constructs.

7.1 Predefined ADTs

A programmer may wish to extend an existing application that al-
ready has a number of predefined ADTSs. It is fairly straightfor-
ward to extend our support for arrow types to predefined ADTs
with designated (i.e. not overloaded) data constructors. We simply
replace the arrow constraint with the predef constraint that makes
the type constructor explicit. The constraint derivation rules (ABS)
and (APP) are then reformulated and a new rule (PCoNs) for pre-
defined ADT constructors is added:

A ’)x:n e:To AL.e: T3
BS
predef (13, 71 — T2)
€1 :T1 €2 T2 €1€2 I T3
APP’
( ) predef (11, T2 — T3)
€T Kpleili: T
data Tpla;l; = ... | Kpltili | ...
o )y = | Kyl |

predef (1, Tpay];)  [mkpredef (ti, 7))
where mkpredef isa simple macro that unfolds the type expressions
t; into predef constraints:
mkpredef (a;, T)
mkpredef (T'[t;];,7)
Obvioudly, a type cannot have more than one type constructor,
hence axiom 3 has to be replaced by:

T = Q4

VTv TT—',lv TTJ,% Ti,1,T5,2 ¢
predef (7, Tp[7i1]i) A predef (1, Tp,2[7),2];)
= Tp,l = Tp,2 Nt=jGA [Ti,l = Ti,Q]i

17

In the other axioms the arrow constraint is replaced in the
obvious way by a predef constraint. Similarly for the rewrite rules.

predef (7, T[15];) A [mkpredef (t;,7;)];
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Unrestricted constructor overloading in combination with pre-
defined types causes many ambiguities. Whenever a constructor K
is encountered, do we assign it a predefined type 7, or do we con-
struct a fresh type 7,, for it? The latter is always possible, while
the former may not be valid when the constraint 7, 2 L[r;]; isin-
ferred where L is not a constructor of the predefined type. Hence
the policy may be adopted to prefer a predefined type over afresh
type. In the case that we allow constructor overloading among pre-
defined types only, one may adopt from [3] the Herbrand domain
constraint in combination with search.

7.2 Type Declarations

Once we alow predefined ADTSs, function signature declarations
and type annotations® for arbitrary expressions in the program
are the next step. This is useful to support a partialy annotated
program. These type annotations may be used by the programmer
to force other than principal types.

The algorithm may be used to check whether a function defini-
tion conforms to its given type signature (type checking), but the
algorithm may also simply assume that the given signature is cor-
rect and not inspect the function definition at all. Thelatter isa par-
ticular boon where pre-compiled library functions with unknown
definition are concerned.

Type declarations are simply trandated into the corresponding
type constraints as above:

(ANN)e:T (ext)eP
mkpredef (t,T)
(s16) fun(f): 7 (f=t)eP

mkpredef (t,T)

In the above the type (expression) variables of the type annotations
are mapped onto fresh type variablesin the constraints. Special care
must be taken to preserve the universal quantification of these vari-
ables. Otherwise, if the type annotation is too general, our algo-
rithm would derive the more instantiated principal typing without
signalling the inconsistency. To remedy this, either the result of the
algorithm must be checked against the type annotations or further
constraining of universally quantified variables must be detected
during the execution of the algorithm.

In addition, partia signatures could be supported with wildcard
types (as proposed for the upcoming Haskell’ standard [2]). E.g.
f :: _ -> Int meansthat £ isafunction from some unspecified
type to Int. These wildcard types are different from universally
quantified variables in that they may be further constrained by the
algorithm.

With type annotations, the overloading of data constructors of
predefined ADTs is again quite useful. Only the annotated expres-
sions are assigned the predefined types, and all those expressions
to which these annotations propagate. Other expressions, even with
data constructors that appear in the predefined ADTSs, are assigned
new types. We have to further specify the interaction of predefined
and reconstructed types, i.e. at the point where these are assigned
to the same expression. The data constructor must belong to the
predefined type:

YT, Tiy Ty Tpy K 2 predef (7, Tp[mi]i) AT 2 K[75]5A (18)
K ¢ (data Tplas)s = ...) = false

Also, the predefined type must be propagated from an instance
to the more general type:

v, 1l T, Ty, K
predef (7', Tp[ri}) AT D K[]; AT <: 7
= 37 : predef (1, Tp[ri]:) A [1] <: Tili

(19)

5 Annotations and signatures are in the usual Haskell syntax.



Some language constructs implicitly carry type declarations,
for example (if e then e; else ep) reguiresthat e is of type
Bool and that e; and e2 have the sametype. Similarly, in Haskell's
list comprehension construct some contained expressions have to
be of type [a] (generators) or type Bool (guards).

7.3 Constructor Overloading Disallowed

When constructor overloading is disallowed, e.g. in Haskell, we
need an additional axiom that merges types with the same functor:

V11,70, K, Ti1,Ti2 ¢
71 2 K[miali N2 2 KlTi2]s
S>3 T ODKRiATI<iTAT2 < T

(20)

In the actual implementation we may reuse the idea of most gen-
eral types 7* in Section 4.3 to realize the existentially quantified
variables in the above axiom.

Theinferred well-typing is now a principal typing.

7.4 Strictly Monomorphic Recursion

Strictly monomorphic recursion is of course also easily handled by
our approach. In essence the FUN constraint derivation rule has to
be split into two versions, one identical to the original rule that is
only applied to non-recursive function calls and the new RFUN rule
that appliesto recursive calls:

for fun(f): 7

(RFUN) 7
T =T

With monomorphic recursion the problem becomes decidable and
the algorithm aways terminates. We do not need to modify our
algorithm, but Henglein’s extended occurs check (Axiom 8) can be
simplified to the traditional occurs check:

V7,71, T2 ¢ arrow(T,T1,T2) AT ~> T = false (21

and Axioms 15 and 16 may be omitted altogether.

7.5 Syntactic Constructs

Let Expressions Henglein has originally formulated his ago-
rithm in terms of the let-expression (1et = = e; in ep) rather
than function definitions. The expressive power isthe sameand also
the typing is not essentially different: let-expressions are equally
capable of causing infinite types and require the extended occurs
check. The names bound by let-expressions are for that reason
treated like variables (or monomorphic functions) in most lan-
guages. We can treat them fully like polymorphic functions. Their
syntactically restricted scope is not relevant for typing; their access
to variables of enclosing scope is dealt with by the extended occurs
check. Thetyping ruleis:

If:ntei:n If:mnbe:m

(LED) ' (let f = e in e2): 72
The constraint derivation ruleis:
fun(f) : 11 e1: Tl
(Len) €2 :To (let f = e; in eq): T

/ !
T1 = T1 T2 = To

Don’'t Care Patterns In our syntax of the case-expression we
have required an enumeration of data constructor patterns. For
total functions this forces the programmer to enumerate al data
constructors of the involved type. However, in practice there are
often anumber of specific case patterns and one catch-all don't care
pattern (- -> e) to handle the other cases. Thismay be particularly
convenient in the rapid prototyping setting, where the programmer
does not know yet al the possible data constructors. For typing
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(VAaR) I, X :7H X o 7

(:= type 7 —==> ... ; f(r1,...,m); ..) ET
(Term) THti:7f 7! =10
TFE f(t1,...,tn): 70
(TRUE) I' - true : ¢
CALL p(T1,...,Tn) €T THt:T] =70
( ) DEp(t,...,th) : 0
UNIE I'Hti:7 I'Hto:m
( ) F}_t1=t2:<>
F|—91:0 F}—gglo
Cony
( ) 'k (g1,92) : ¢
(CLAUSE)p(n,...,Tn)GF FHt;:m I'kg:o
Lkp(ty,...,tn) = g: 0
b I'ka; := gi:o
R S ——
( OG)F"[(J,Z' i gi]iZQ

Figure 6. Type Judgement Rules of Prolog

purposes this is straightforward: the don’'t care pattern does not
imply any typing constraint.

Logic Programming The differences between logic program-
ming and functional programming are very minor when it comes
to typing, e.g. the type systems of Curry [10] and Mercury [26] are
very similar to those of Haskell.

Let us quickly show how to adapt our approach to the core
syntax of pure Prolog:

Prog,am P := {C}

Clause cC = A:-G

Atom A = plT,.... Ty

Term T = X|f(Ty,....7»)

Goal G = true | A | T, =15 | (G1 ,GQ)

where p is a predicate functor, f a term functor and X a (logical)
variable. In Prolog, we associate types to terms and type signatures
to predicates. Types are represented in the same way as in Haskell,
but we use the Prolog term notation. Similarly, for type definitions
we use the Mercury type definition notation :- type 7 --->
£f1(...) .3 £, (...). Finaly, for predicate signatures we
write pred (p(71, ..., 7Tn)).

The type judgement rules and constraint derivation rules for
Prolog are listed respectively in Figure 6 and Figure 7. The con-
straints of the latter may be used directly astheinput of our rewrit-
ing algorithm and the resulting types and type definitions have the
same properties as in the functional setting. The resulting type in-
formation is valid in Mercury and hence allows to directly port a
pure Prolog program to Mercury.

8. Implementation

We have implemented a prototype of our reconstruction algorithm
with Constraint Handling Rules (CHR) [6]. CHR is a language,
usually embedded in Prolog, designed for exactly the purpose of
implementing constraint solvers based on an axiomatic definition.
It rewrites a set (conjunction) of constraints based on rewrite rules
that are syntacticaly very close to the axioms. The benefit of the
embedding in Prolog is that the equality constraint (=) comes for
free: it maps directly onto Prolog’s unification.

The prototype implementation, AMTYPRE®, is available at
http://wuw.cs.kuleuven.be/ toms/CHR/. It runs in SWI-
Prolog [30] and comes with two front-ends. The first frond-end

6for ADT Minimal Type Reconstruction



X7 var(X) : 7

(VAR) 7
=T
t1: 1T tn i Tn t1, yin) T
(TERM) L It )
TD f(T17 aT’"«)
tl : Ti’ pred(p(ﬁ, 77—71))
(CaLL) (a:-gleP  p(t,....tn)Eg
[7—1‘, <:g Tz]z
(UNIF) t1:71 to T t1=ts € P
T = To
t1 :7'1'
(Heap) ST pred(p(T1,...,7n)) p(ti,...,tn):=g € P
[ri = 7ili

Figure 7. Constraint derivation rules for Prolog

takes Prolog programs as input and infers Mercury digoint union
types; it has been conveniently implemented directly in SWI-
Prolog.

The second front-end is based on the Language . Haskell li-
brary of the Glasgow Haskell Compiler, and parses a subset of
Haskell code, transforms it into the required syntactic form of A
and passes it on to the CHR reconstruction algorithm.

We have used the Mercury front-end to derive ADT definitions
for more than 40 small Prolog programs, varying from 2 to 24 lines
of code, intimesvarying from about 10msto 16s. The timings sug-
gest atime complexity of roughly O(n?) wheren isthe number of
lines of code. As the expressivity and adaptability of the algorithm
are central in this paper, we leave the refinement of this high-level
implementation into a more efficient and scalable low-level imple-
mentation for rule order as future work. In particular, we expect
that a near-linear time complexity can be attained by 1) specializ-
ing some general but inefficient data structures used by CHR, and
2) more direct control over rule priority.

9. Related Work

In earlier work we have presented a comparison of Henglein's
inference algorithm with an earlier version of our agorithm, that
wastargeted at reconstruction for Prolog, at the |FL 2005 workshop
[24]. The main relations to our work can be found in ordinary type
(declaration) inference and in program anaysis.

TypelInference Most of the research effort on relating type infor-
mation to programs has been spent on type checking and typeinfer-
ence, both of which assume predefined types. Our work is strongly
inspired by Henglein's algorithm for type inference with polymor-
phic recursion [11], although this al so assumes one predefined type:
the arrow type.

Even in the context of untyped languages, for which a priori
usudly no type definitions exist, one resorts to type inference,
based on a soft typing system and a predefined set of types, e.g.
in the context of ERLANG types are inferred based on a fixed
subtyping lattice containing various primitive types [16], or a user
supplied set of type definitions [17, 21].

In the context of typed languages quite some work tries to infer
more accurate or discerning type information than the one given
in type definitions. The most common approaches taken are that
of refinement types [5], subtypes or polymorphic variants [9]. All
of these require an extension of the type system. The first two
rely on determining refinements/subtypes in terms of the given
types whereas polymorphic variants represent types as sets with
upper and lower bounds on their values. As far as we know, ours
is the first work to actually infer highly discerning algebraic data
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type definitions that are conform the standard Haskell/Mercury
type system, and does not require more exotic and unfamiliar type
system extensions.

Program Analysis In the context of program anaysis, various
forms of analysis are carried out to approximate the possible val-
ues of program variables or to partition variables in digoint sets
that cannot refer to the same values. Type inference and abstract
interpretation are the most common techniques used for such anal-
ysis.

Our work was directly inspired by the type inference approach
of Bruynooghe et a. on monomorphic type definition reconstruc-
tion for improving termination analysis of Prolog programs [1].
This approach does not infer proper polymorphic types that are in-
stantiated in function calls. The same is true for most other analy-
ses: they do not infer types that are useful within the type system
of the language, astheir purpose lies elsewhere.

The work on success typing for logic programs contrasts with
ours, in particular in the context of Mercury. In success typing a
regular approximation of the success set (minimal Herbrand model)
of a program is computed [19, 31, 7, 12, 8, 29]. The success set
consists of a form of type definitions not unlike ADTs. However
the notion of success typing is more restrictive than that of well-
typing, and implies aform of subtyping in the type system.

Constraint Rewriting for Type Inference Other work that uses
the constraint rewriting approach for typeinferenceisthe Chameleon
project [27]. However, Chameleon focuses on ordinary type infer-
ence and checking, be it for more advanced type system features
such astype classes and GADTSs.

10. Conclusion

In this paper we have shown how to reconstruct uniform ADT
definitions from untyped functional programs. Our setting is very
liberal: we alow data constructor overloading and polymorphic
recursion. Our algorithm is based on the same underlying con-
straint solving principles of Henglein's for type inference for the
A-calculus, athough we make the constraint aspect explicitly: the
constraint theory is given as a number of axioms and the algorithm
is formulated as high-level constraint rewriting. This alows us to
easily establish well-typing, aswell asanumber of optimality prop-
erties of our algorithm. Also the axiomatic/rule-based treatment al-
lowed us to easily adapt our algorithm to deal with a number of
variationsin the type system, with the avail ability of additional type
information and with more language constructs and even the logic
programming paradigm.

10.1 FutureWork

In future work, we would like to include various extensions and fur-
ther generalizations of our system. In particular, we are interested
in ADT definitions that depend more heavily on polymorphic re-
cursion such as non-uniform ADTSs, generalized and extended ab-
stract data types (GADTs and EADTS). In particular, for dealing
with non-uniform ADTs we would like to consider an execution
strategy that does not apply the problematic rules exhaustively, but
rather lazy or on demand.

Our current work assumes transparent ADT definitions. Non-
transparent definitions, i.e. existentially quantified type variables
for data constructor fields, offer a greater level of abstraction. In
particular, in the reconstruction setting, fewer data constructors
are coaesced, producing more, yet simpler (less type parameters)
ADTSs.

In order to further support realistic program development and
evolution, wewould like to support open ADT definitions, to which
the user wants to add new data constructors. In such a situation the



ADTSs could be marked as extensible and result in additional 2
constraints that are fed into the reconstruction algorithm.

An intriguing simplification from the Haskell language is the
lack of partial application for data constructors. We will investigate
to what extent this restriction may be lifted.

Finally, we would like to explore applications of our inference
for program analysis. In particular, cheaper or stronger formula-
tions of alias analysis seem promising.
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