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Unfold/fold Transformations

Unfold/fold transformations have been studied for various declarative programming languages such
as functional languages [5, 12, 21], logic programming [14, 22, 23] and constraint logic programming
[1, 8, 13]. Some of the most extensively studied transformation systems for logic programs are the
unfold/fold transformation systems. At a high level, unfold and fold transformations for definite
logic programs can be viewed as follows. Definite logic programs consist of definitions of the form
A:− φ where A is an atom and φ is a positive boolean formula over atoms. Unfolding replaces an
occurrence of A in a program with φ while folding replaces an occurrence of φ with A. Folding is
called reversible if its effects can be undone by an unfolding, and irreversible otherwise. Most of
the existing work on unfold/fold transformations focus on irreversible folding transformations.

p(X):-q(X).
q(a).
q(f(X)):-q(X).

p(a).
p(f(X)):-q(X).
q(a).
q(f(X)):-q(X).

p(a).
p(f(X)):-p(X).
q(a).
q(f(X)):-q(X).

Program P0 Program P1 Program P2

Figure 1: An example unfold/fold transformation sequence

As an example, consider the sequence of programs in Figure 1. In the figure, P1 is derived by
unfolding the occurrence of q(X) in the first clause of P0. P2 is derived from P1 by folding the
literal q(X) in the body of the second clause of predicate p into p(X) using the clause p(X) :-
q(X) in P0. Note that this is an example of an irreversible folding step. For a formal definition of
unfold/fold transformation rules, the interested reader may refer to [14, 18, 23].

Proofs by Transformations

We now discuss how unfold/fold transformations can be used for constructing proofs of program
properties. Our proof obligations are always of the form q ⇒ r (or q ≡ r) where q, r are predicates
in a given definite logic program P . Since the semantics of a definite logic program P is given in
terms of its least Herbrand model M(P ), therefore this amounts to showing ∀t ∈ HU(P ) q(t) ∈
M(P ) ⇒ r(t) ∈ M(P ) where HU(P ) is the Herbrand Universe of P . In other words, we have to
prove ∀t ∈ Sq,P r(t) ∈ M(P ) where M(P ) is the least Herbrand Model of P and Sq,P = {t | t ∈
HU(P )∧q(t) ∈M(P )} (the ground terms for which predicate q is true in P ). The terms in Sq,P are



obtained by starting with the empty set of ground terms and repeatedly applying the rules defining
predicate q in program P . This follows immediately from the least Herbrand model semantics of
definite logic programs. Thus, if q is defined in program P using the clauses

q(0).
q(s(X)) :- q(X).

then we start with φ and successively apply the rules to get {0}, {0, s(0)}, {0, s(0), s(s(0))} and
so on. This will (in the limit) yield Sq,P = {sn(0) | n ∈ N}.

Now, suppose predicate r is defined in program P via the clauses

r(0).
r(s(X)) :- r(X).
r(. . .) :- . . .

Then clearly ∀t ∈ Sq,P r(t) ∈M(P ). This is proved by induction on the terms in Sq,P . Furthermore,
the induction schema is obtained by the recursive structure of the definition of q in P , namely: 0
for the base case and s(X) for the inductive step.

The above example shows how predicate implications such as q ⇒ r in a program P can
be shown by the structure of the definition of q in P . We prove a property about all terms in
Sq,P by inducting on the fixed-point iterations in computing the least Herbrand model of P . In
particular, for a ground atom q(t) ∈ M(P ) we must prove r(t) ∈ M(P ) where we can assume
q(t′) ∈ M(P ) ⇒ r(t′) ∈ M(P ) provided q(t′) can be proved with fewer fixed point iterations than
q(t). All our inductive proofs employ this machinery.

Unfortunately, even if we decide to induct on the structure of clauses defining q in order to prove
q ⇒ r, showing q(t) ∈ M(P ) ⇒ r(t) ∈ M(P ) in the inductive step is non-trivial. In the above
example this followed from the syntax of q and r. In general to show that q ⇒ r in a program P we
will need to transform q and r such that q ⇒ r can be inferred from the syntax of their transformed
definitions. As a simple example, consider the following definitions of q and r given below

q(0).
q(s(0)).
q(s(s(X))) :- q(X).

r(0).
r(s(X)) :- r(X).

To prove q ⇒ r, our proof technique will first transform predicate r to

r(0).
r(s(0)).
r(s(s(X))) :- r(X).

q ⇒ r is then inferred from the syntax of q and the transformed definition of r.
Our transformation based proof technique can be summarized as follows. Given a proof obli-

gation P0 ` q ⇒ r where P0 is a definite logic program and q, r are predicates in P0 we construct a
transformation sequence P0, P1, . . . , Pk s.t.

• M(P0) = M(Pk) (the transformations are semantics preserving)

• q ⇒ r can be inferred from syntax of Pk



An Example

The program transformation based proof technique can be viewed as a lightweight inductive theo-
rem proving technique. This technique easily allows for nested induction proofs since the predicate
implication/equivalence proof obligations can be nested in a proof. However, each of these obliga-
tions have to be proved without strengthening of induction hypothesis. We now compare our proof
technique with inductive techniques employed in theorem provers. Since our logic program trans-
formations essentially correspond to first order reasoning, we compare with a first order theorem
prover (ACL2) to concretely highlight the differences. Note that in the “proof by transformations”
approach, the induction schema as well as the lemmas to be used in the inductive proof are implicit
in the logic program itself. The program transformations make them explicit. Therefore, the proof
constructed by our approach has lesser case splits (and hence is more succinct) than the proof
constructed by a theorem prover. To concretely understand this point, let us consider the following
example.

gen([]).
gen([0|X]) :- gen(X).
bad([1|X]).
bad([H|X]) :- bad(X).
badgen(X) :- bad(X), gen(X).

The predicate gen generates strings of the form 0∗ while predicate bad captures strings con-
taining at least one occurrence of 1. The predicate badgen captures all strings for which both bad
and gen hold. We want to prove ∀X ¬badgen(X) i.e. the predicate equivalence badgen ⇒ false.
Our unfold/fold transformation based proof technique will first unfold bad(X) using the clauses of
bad to yield

badgen([1|X]) :- gen([1|X]).
badgen([H|X]) :- bad(X), gen([H|X]).

By unfolding bad(X), the induction schema has been uncovered (which is implicit in the definition
of bad). The two clauses of badgen given above correspond to the two cases of this induction
schema. Now by unfolding the occurrences of gen in these clauses we obtain the following program.
These steps correspond to showing the base case and evaluating the finite part of the induction
step.

badgen([0|X]) :- bad(X), gen(X).

Finally, we fold using the original definition of badgen. The least fixed point semantics of logic
programs allows us to conclude that badgen ⇒ false.

badgen([0|X]) :- badgen(X).

In contrast if we input this problem to the ACL2 theorem prover [11] it attempts to prove
by an induction schema obtained from bad, and generates the following four cases for showing
∀X ¬badgen(X). Note that our proof technique also derived the induction schema from bad but
considered only two cases.

1. X = []

2. X = [H|T] ∧ H = 1



3. X = [H|T] ∧ H 6= 1 ∧ ¬ bad(T)

4. X = [H|T] ∧ H 6= 1 ∧ ¬ gen(T)

The first case above is never considered by our proof technique since we discover the induction
schema by the process of unification inbuilt into unfolding. The absence of types in logic programs
enables us to encode bad for only non-null lists, and since we obtain the induction schema from this
encoding we never consider the first case. The second case above corresponds to the case obtained
from the first clause of bad in our proof. Finally, the third and fourth cases are combined into a
single case in our proof. In fact in our proof, the folding transformation prevents this unnecessary
case split and recognizes the induction hypothesis, all in one step.

In summary, the program transformation based proof technique is useful for constructing in-
duction proofs where the induction schema as well as the requisite lemmas are implicitly encoded
in the logic program itself. The syntax based unfold/fold transformations (i) make the schema
explicit (ii) reason about the different cases of the schema by uncovering the requisite lemmas.
Furthermore, the transformations do so by (a) not considering spurious cases in the schema, and
(b) combining some of the cases of the schema into a single case. Both of these advantages of our
proof technique have been illustrated through the example given above.

As a side remark, note that we have encoded badgen as badgen(X) :- bad(X), gen(X) instead
of badgen(X) :- gen(X), bad(X). This is because ACL2 chooses to induct on a scheme obtained
from bad in this problem. By encoding badgen as badgen(X) :- bad(X), gen(X) we can give a
point by point comparison with ACL2 since then both proof techniques are inducting on the same
schema. In the alternative encoding also our unfold/fold based proof technique generates only two
cases in the induction schema (which are obtained from the definition of gen).

Existing Literature

The conventional usage of unfold/fold transformations has been in program optimization. Relatively
little work has been done on using unfold/fold transformations for constructing proofs. As discussed
in the previous section, unfold/fold transformations can be used to construct induction proofs of
program properties. In such induction proofs, unfolding accomplishes the base case and the finite
part of the induction step, and folding roughly corresponds to application of induction hypothesis.
This observation has been exploited in [9, 10, 15, 16] to construct inductive proofs of program
properties.

Hsiang and Srivas in [9] extended Prolog’s evaluation with “limited forward chaining” to perform
inductive theorem proving. This limited forward chaining step is in fact a very restricted form of
folding: only the theorem statement (which is restricted to be conjunctive) can be used was a folder
clause. Kanamori and Fujita [10] proved certain first order theorems about the Least Herbrand
Model of a definite logic program via induction. In particular, they observed that the least fixed
point semantics of logic programs could be exploited to employ fixed point induction. Our usage of
the transformations is similar. Given a program P we intend to prove p⇒ q in the Least Herbrand
Model of P . To do this proof by induction, we transform p and q to obtain a program P ′. If
the transformed definitions of p and q in P ′ are such that we can establish their equivalence via
routine syntactic checks, then our proof is finished. Note that the syntactic check for establishing
equivalence is in fact an application of fixed point induction. It allows us to show p⇒ q in M(P ′)
(the least Herbrand model of P ′). Furthermore, since M(P ′) = M(P ) this amounts to showing
p⇒ q in program P .



The idea of using logic program transformations for proving goal equivalences was explored in
[15, 16, 17, 20]. Technically, the main difference between [15, 16] and [17, 20] is in the transformation
rules employed. In particular, the folding rule of [17, 20] is more general. This however increases
the number of applicable transformations, thereby necessitating more powerful heuristics to guide
the transformation based proof search.

A concrete application of the proofs by transformations technique appears in [17, 19]. In partic-
ular, it describes how invariant properties of distributed algorithms and protocols can be verified
by induction on the number of processes. The system being verified is thus a parameterized system
with an unbounded number of constituent processes. The initial states and transition relation
of such a system can be encoded as logic program predicates. Similarly, the invariant property
to be verified can also be encoded as a logic program predicate. The task of proving the invari-
ant property is converted to proving appropriate predicate implications or equivalences. These
implications/equivalences are established via unfold/fold transformations.

The reader might notice similarities between a proof system based on unfold/fold transforma-
tions a proof systems based on tabled resolution [6, 24]. Tabled resolution combines resolution
proofs with memoing of calls and answers. Since folding corresponds to remembering the original
definition of predicates, there is some correspondence between folding and memoing. However,
folding can remember conjunctions and/or disjunctions of atoms as the definition of a predicate.
This is not possible in tabled resolution. Furthermore, in tabled resolution when a tabled call C is
encountered, the answers produced so far for C are used to produce new answers for C. In folding,
when the clause bodies in old definition of a predicate is encountered, it is simply replaced by the
clause head.

The unfold/fold transformation based proof technique for constructing induction proofs also
differs substantially from many existing inductive theorem proving techniques [3, 4]. These proof
techniques take in an explicit induction schema and try to dispense the proof obligation in each of
these cases. In contrast, the transformation based proof technique does not input any induction
schema. The schema is constructed gradually via unfolding of the program predicates. This idea
has some similarities to the “recursion analysis” technique employed in the Boyer-Moore prover
[2, 3]. Given some functions, these works exploit the recursive structure of these functions to prove
theorems about them. Note that, if the necessary induction schema cannot be derived via unfolding,
our transformation based proof technique cannot find a proof. However, this restriction leads to
increased automation in the construction of induction proofs, and fewer cases in the induction
schema constructed (refer example in previous section).

In conclusion, we would like to note that constructing induction proofs via unfold/fold trans-
formations is different from consistency based proof techniques such as inductionless induction [7].
These techniques do not employ any induction schema at all. To prove a predicate equivalence
p ⇒ q our proof technique uses an induction schema obtained from the structure of the trans-
formed definitions of p, q. However, this schema is not given a-priori but gradually constructed via
program transformations.
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