Exercises: Artificial Intelligence

Constraint Processing Il & Waltz: The
4 Teachers problem



Constraint Processing Il & Waltz: The 4 Teachers problem

PROBLEM



Problem

 Fourteachers:A,B,C&D
— A, B, C & D assigned rooms
— 5 rooms available: 1,2,3,4 &5
—Az1
—B#2
—roomD >3
— room D<roomB
— |C-B| #1
—C#5



Problem

 Which family lives in which house?
e Solve with:

— Forward checking

— Dynamic rearrangement forward checking



CONSTRAINT PROCESSING:
PROBLEM REPRESENTATION



Constraint Processing

* Problem representation:

A+D |C-B|>1
A+C
C+5 C CzD

B+2
B

D<B

Do




CONSTRAINT PROCESSING:
PROBLEM OPTIMIZATION



Problem Optimization

* Problem optimization:

A+1
A

A+C

C+£5

{2131415}

A+B

{1,3,4,5}

B+2
B

A+D

|C-B|>1

D<B

{1,2,3,4}

C#D

{3,4,5}



CONSTRAINT PROCESSING:
FORWARD CHECKING



Forward Checking
A

<
=

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

A+1 . B2
+B

A B

A+c| | 1 p<B

CC¢DD

C+£5 D=3




Forward Checking
A

<
“ —

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B
A
A=2 |C-B|>1 B=1
D<B
Ce{1,3,4} De{3,4,5}
Fail
A+1 A B+2
*+B
A B
A+c| | 1 p<B
A
C C#D D

C+£5 D=3



Forward Checking
A

<
“ —

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

K _
A=2 |C-B|>1 B=1 || A=2 |C-B|>1 B=3
D<B D<B
Ce{1,3,4} De{3,4,5} || C€{1,3,4} De{3,4,5}
Fail Fail
A+1 B+2
A\ A+B B
A+c| | 1 p<B
A

C: CzD l)

C+£5 D=3




Forward Checking
A

<
«

A=2 Be(1,3,4,5}
* *
Ce{1,2,3,4} D&{3,4,5}

A

A=Z%VB=1 A=2\%VB=3 A=2 |CBI>1 g,
D<B D<B D<B

Ce{1,3,4} De{3,4,5} || €€{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}

Fail Fail C

A+1 . B2
+B
A B
A+c| | 1| p<B
A

CC:ar:DD

C+£5 D=3




Forward Checking
A

<
«

A=2 Be(1,3,4,5}
* *
Ce{1,2,3,4} D&{3,4,5}

A

A=Z%VB=1 A=2\%VB=3 A=2 |CBI>1 g,
D<B D<B D<B

Ce{1,3,4} De{3,4,5} || €€{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}

Fail Fail C
\/

A+1 B+2
A+B A=2 B=4

A B EN

A+C | 1 | p<B c=1 De&{3}

A
CC:ar:DD D

C+£5 D=3




Forward Checking
A

<
«

A=2 Be(1,3,4,5}
* *
Ce{1,2,3,4} D&{3,4,5}

A

A=Z%VB=1 A=2\%VB=3 A=2 |CBI>1 g,
D<B D<B D<B

Ce{1,3,4} De{3,4,5} || €€{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}

Fail Fail C
\/

A+1 A B+2
#B A=2  B=4
A B :
A+C | 1 p<B c=1 De&{3}
A
D
C CzD D V]
C#5 D=3 A=2 B=4

C=1 D=3




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
+ +
Ce{1,2,3,4} D&{3,4,5}
7 - —
A=2 |CBI>L p_q || az2 [CBI>L g5 A=2%B=4 A=2 |CBI>L g g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || C€{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5}
Fail Fail C C
A+1 A B+2 v
+B A=2 B=4
A B :
A+C| | 1| p<B -1 Def3}
A D
C CzD D V]
C#5 D=3 A=2 B=4

C=1 D=3




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

C=1 D=3

P4 - N
A=2 |CBI>L p_q || az2 [CBI>L g5 A=2%B=4 A=2 |CBI>L g g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || C€{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5}
Fail Fail C C
A+1 B+2 V] —
A A+B B A=2 B=4 || A=2 B=5
+ TEN
AxC| | 1| p<B c=1  pe3} || c=1 pefz,a
A
C D D D
CzD V]
C+5 D>3 A=2 B=4




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

Z
a=2 1B pg |[asz 1CGBIL 53 A=Z%B: A=2 |CBI>L p_g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}
Fail Fail
A+1 B+2 (w: /C
A A+B B A=2 B=4 || A=2 B=5
+ TEN
A+C | 1 D<B C=1 De{3} || c=1 De{3,4}
¢l ... b D )
CzD . e
C+5 D23 A=2 B=4 || A=2 B=5
Cc=1 D=3 || c=1 D=3




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

Z
a=2 1B pg |[asz 1CGBIL 53 A=Z%B: A=2 |CBI>L p_g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}
Fail Fail
A+1 B+2 (w: /C
A A+B B A=2 B=4 || A=2 B=5
+ TEN
A+C | 1 D<B C=1 De{3} || c=1 De{3,4}
¢l ... b D )
C#D Vs e —
C+5 D=3 A=2 B=4 || A=2 B=5 || A=2 B=5
Cc=1 D=3 || c=1 D=3 || C=1 D=4




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

Z
a=2 1B pg |[asz 1CGBIL 53 A=Z%B: A=2 |CBI>L p_g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}
Fail Fail
A+1 B+2 (w: /C N
A A+B B A=2 B=4 || A=2 B=5 || A=2 B=5
* [EN EN
A+C | 1 D<B C=1 De{3} || c=1 De{3,4} || ¢=3 De{3,4}
cl 5 D D D
C#D L e —
C+5 D=3 A=2 B=4 || A=2 B=5 || A=2 B=5
c=1 D=3 || c=1 D=3 || c=1 D=4




Forward Checking

A

<
«

A=2 B&{1,3,4,5}
¥ *
Ce{1,2,3,4} D&{3,4,5}

B

Z
a=2 1B pg |[asz 1CGBIL 53 A=Z%B: A=2 |CBI>L p_g
D<B D<B D<B D<B
Ce{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5} || C<{1,3,4} De{3,4,5} || Ce{1,3,4} De{3,4,5}
Fail Fail
A+1 B+2 (w: /C N
A A+B B A=2 B=4 || A=2 B=5 || A=2 B=5
* [EN EN
A+C | 1 D<B C=1 De{3} || c=1 De{3,4} || ¢=3 De{3,4}
cl 5 D D D
C#D L e — ~\
C#5 D=3 A=2 B=4 || A=2 B=5 || A=2 B=5 || A=2 B=5
c=1 D=3 || c=1 D=3 || c=1 D=4 || c=3 D=4




Forward Checking
A

——

A=3 Be{1,3,4,5}
+ +
ce{1,2,3,4)> De{3,4,5}

B

\

% @ DS

Ce{1,2,4} De{4,5} Ce{1,2,4} De{4,5} Ce{1,2,4} De{4,5}

Fail Fail C




Forward Checking

A

g

A=4 B&{1,3,4,5}
* +
Ce{1,2,3,4} D&{3,4,5}

B

A=2
C=1

A=4 |C-B|>1

D<

Ce{1,2,3}  De{3,5}

A=4 IC'BI>1 B=3

D<
ce{1,2,3} De{3,

A=4 IC'BI>1 B=

v o

5} || Ce{1,2,3} De{3,5}

A=2
C=1

A=2
C=3

Fail C
\

A=4 _ B=5 || A=4 _ B=5
| ||
c=1 Def3} || c=2  Def3}
2 D
A=4 B=5 A=4 B=5
C=1 D=3 C=2 D=3




Forward Checking
A

B A=5 Be{1,3,4,5}
+ +
C Ce{1,2,3,4} D&{3,4,5}

B

V7

A=s ICBI>L g g || a=5 [CBI>1 g3 || A5

A=4 B=5 Ce{1,2,3,4} De{3,4} || C€{1,2,3,4} De{3,4} || C€{1,2,3,4} De{3,4}

C=1 D=3 Fail Fail C
A=4 B=5 S~
C=2 D=3 A=5 B=4 A=5 B=4




Forward Checking

A

A=2 B=4 || A=3 B=5 || A=4 B=5 A=5 B=4
C=1 D=3 C=1 D=4 || C=1 D=3 C=1 D=3
A=2 B=5 A=3 B=5 || A=4 B=5 A=5 B=4
C=1 D=3 C=2 D=4 || C=2 D=3 C=2 D=3
A=2 B=5
C=1 D=4
A=2 B=5
C=3 D=4




CONSTRAINT PROCESSING: DYNAMIC
SEARCH REARRANGEMENT FC



Dynamic Search Rearrangement FC

{2,3,4,5} {1,3,4,5}
A+D |C-B|>1
A+C D<B

C+£5 C CzD D D23

{1,2,3,4} {3,4,5}




Dynamic Search Rearrangement FC

D Smallest Domain
A={2,3,4,5> Be{1,3,4,5}
+ D<B
Ce{1,2,3,4 =5 — D=3




Dynamic Search Rearrangement FC

D Smallest Domain
A={2,3,4,5> Be{1,3,4,5}
+ D<B
Ce{1,2,3,4 =5 — D=3

B Smallest Domain
A={2,4,5} B=4
|C-B|>1
Ce{1,2,4} D=3




Dynamic Search Rearrangement FC
D Smallest Domain

A={2,3A,<Bei3,4,5}

Crs{;t,z,3,4}D<B =— D=3

B Smallest Domain
A={2,4,5} B=4
|C-B|>1
Ce{1,2,4} D=3

A Smallest Domain

L

A=2 B=4
v

Ce{1,2} D=3




Dynamic Search Rearrangement FC
D Smallest Domain

A={2,3A,<Bei3,4,5}

Ce{:z,3,4}D<B =— D=3

B Smallest Domain
A={2,4,5} B=4
|C-B|>1
Ce{1,2,4} D=3

A Smallest Domain

L

A=2 B=4
v

Ce{1,2} D=3

C

v
A=2 B=4
C=1 D=3




Dynamic Search Rearrangement FC
D Smallest Domain

A={2,3A,<Bei3,4,5}

Ce{:z,3,4}D<B =— D=3

B Smallest Domain
A={2,4,5} B=4
|C-B|>1
Ce{1,2,4} D=3

A Smallest Domain

Vs N

A=2 B=4 A=5 B=4
e

Ce{1,2} D=3 || Ce{1,2} D=3

C C

vV L~
A=2 B=4 | A=5 B=4 A=5 B=4
C=1 D=3 | C=1 D=3 C=2 D=3




Dynamic Search Rearrangement FC

A={2,3,4,5> Be{1,3,4,5}
+ D<B
Ce{1,2,3,4} = D=3
B Smallest Domain
A={2,4,5}
|C-B|>1
Ce{1,2,4}

A

Smallest Domain

A={2,4,5} B=4 B=5

|C-B| >1;
Ce{1,2,4}

A

D=3
Smallest Domain

D=3
Smallest Domain

L AN / AN
A=2 B=4 || A=5 B=4 || A=2 B=5 || A=4 B=5
-~ -~ ~ -+
Ce{1,2} D=3 || C<{1,2} D=3 || Cef{1,2} D=3 || Ce{1,2} D=3
A=2 B=4 | A=5 B=4 | A=5 B=4 | A=2 B=5 | A=4 B=5 | A=4 B=5
C=1D=3 | C=z1D=3 | C=2D=3| C=1 D=3 | C=1D=3 | C=2 D=3




Dynamic Search Rearrangement FC

<

A={2,3,4,5%> Be{1,3,4,5}
* D<B
Ce{1,2,3,4} = D=3

B

D

Smallest Domain

Smallest Domain

A={2,3,4,5> Be{1,3,4,5}
+ D<B
Ce{1,2,3,4} = D=4

Smallest Domain

b

A={2,4,5} B=4 A={2,4,5} B=5
|C-B|>1 |C-B|>1
ce{1,2,4} D=3 cef1,2,4} D=3

A={2,3,5} B=5
|C-B|>1
Ce{1,2,3} D=4

L

Smallest Domain

Smallest Domain

Smallest Domain

A

AN

A

AN

A=2 B=4
v

A=5 B=4
v

A

A=4 B=5
F

A=2 B=5
E

A=3 B=5
*

Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2,3} D=4 Ce{1,2,3} D=4
vV L~ \/ L O~ L~ L~
A=2 B=4 | A=5 B=4 A=5 B=4 | A=2 B=5 | A=4 B=5 | A=4 B=5 | A=2 B=5 | A=2 B=5 | A=3 B=5 | A=3 B=5
C=1 D=3 | C=1 D=3 C=2D=3|C=1D=3]C=1D=3 | C=2D=3]| C=1D=4|]| C=3D=4 | C=1D=4 | C=2 D=4




Dynamic Search Rearrangement FC

<

D<B

B&{1,3,4,5}

Smallest Domain

B&{1,3,4,5}

D<B

Ce{1,2,3,4} 7 D=3 Ce{1,2,3,4} Z
B Smallest Domain B Smallest Domain Fail
A={2,4,5} B=4 A={2,4,5} B=5 A={2,3,5} B=5
|Cc-B|>1 |Cc-B|>1 |c-B|>1
Ce{1,2,4} D=3 Ce{1,2,4} D=3 Ce{1,2,3} D=4
A Smallest Domain A Smallest Domain Smallest Domain
ya \ / N ya N
A=2 B=4 A=5 B=4 A=2 B=5 A=4 B=5 A=2 B=5 A=3 B=5
JE E E E JE JE
Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2} D=3 Ce{1,2,3} D=4 Ce{1,2,3} D=4
\ L~ \/ N \/ N N
A=2 B=4 | A=5 B=4 A=5 B=4 | A=2 B=5 | A=4 B=5 | A=4 B=5 | A=2 B=5 | A=2 B=5 | A=3 B=5 | A=3 B=5
C=1 D=3 | C=1 D=3 C=2D=3 | C=1D=3 | C=1D=3 ]| C=2D=3 | C=1D=4 )| C=3D=4 )| C=1D=4 ) C=2D=4




Exercises: Artificial Intelligence

Constraint Processing Il & Waltz:
Waltz |



INTRODUCTION WALTZ



Introduction Waltz

Fork Arrow

Line

AN

Interior || Boundary

AN

PN

R

Q

Convex || Concave

<+

(LK
il




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:

>




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution

~f_—




Solution

N




Solution

7>




Solution




Solution




Solution




Solution




Solution




Solution




Solution




Solution




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:

~L—>




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution

~L—>




Solution

v




Solution




Solution




Solution




Solution




Solution




Solution




Solution




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:

\




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution

2




Solution

2




Solution




Solution




Solution




Solution




Solution




Solution




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution

S >




Solution

<\v

L




Solution

-

Vs




Solution

<\
A\ 2

s




Solution

<>
A 4

A




Solution

<>
+

A




Solution




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:

AN




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution

AN




Solution




Solution




Solution




Solution




Solution




Solution

\/




Solution

Line Drawing NOT allowed: 3-faced vertices!!

C\




Constraint Processing Il & Waltz: Waltz |

PROBLEM



Problem

e Label the following figure:




Constraint Processing Il & Waltz: Waltz |

SOLUTION



Solution




Solution




Solution




Solution




Solution




Solution




Solution




Solution




Solution




Solution

Drawing is locally correct, but is globally impossible.
Waltz procedure is local, thus, cannot detect this!




Exercises: Artificial Intelligence

Constraint Processing Il & Waltz:
Waltz I



Constraint Processing Il & Waltz: Waltz I

PROBLEM



Problem

* Finish the labeling of the following figure.
* Give all solutions:




Constraint Processing Il & Waltz: Waltz I

SOLUTION



Solution

e Solution 1: Floating cube




Solution

e Solution 1: Floating cube

N




Solution

e Solution 2: Sitting cube




Solution

e Solution 2: Sitting cube

>

N




Exercises: Artificial Intelligence

Constraint Processing Il & Waltz:
Waltz Il



Constraint Processing Il & Waltz: Waltz Il

PROBLEM



Problem

* Labeling the following figure fragment.
* Give all solutions:




Constraint Processing Il & Waltz: Waltz Il

SOLUTION



Solution

\E\l&\










Solution




Exercises: Artificial Intelligence

Constraint Processing Il & Waltz:
Waltz IV



Constraint Processing Il & Waltz: Waltz IV

PROBLEM



Problem

e Consider the following figure:

G H
— D
At most 3 edges / 2 4

— No shadows/cracks LB

* Find labelings:

— Write down junction piles for A,B,...,H
— Consider nodes in order of A,B,...,H

* Return to previous nodes for pruning if possible



Constraint Processing Il & Waltz: Waltz IV

SOLUTION



Solution

WAV S

G H
A—AD—/
F A

ECB




0

Solution
Ak KX KX K&
I

B B B B

G H
A—AD—/
F A

ECB




0

Solution

WPV GV
l (N 1.

G

D H
B B B B g A
/J ECB

—>A A




0> >

Solution

%A/%A/+/A%;«/_A// A
N R N N j I »
B B B B F GECBDA H
VAV :

+

C C



So
lution

A
B e
-j/// et
i J & i
\C-\ | G

/lD
/TD
A
+/TD
ﬂ.D
/LD



Solution

<
o
0
O
L
O
LL
N\
/A
JA
—
< +
A
/++
/
< +\ <
JTB /
< A/




Solution

. J/// Z
N

A

(2]

T

/A
+
/

+AZ
J/




Solution

. J/// Z
N

A

(2]

T

/A
+
/

+AZ
J/




Solution




Solution




Solution




Solution

A K
N

A

|
B
+
A
A 4

!
B




Solution

 We can determine all nodes except for D:

e D can sti

D

Z‘ ID*ﬁH
F A

ECB

| take 6 interpretations:

R 2 e R % e



Solution

/A LS
/TD D

/s

) O
ﬂ.D /LD




Exercises: Artificial Intelligence

Constraint Processing Il & Waltz:
Waltz V



Constraint Processing Il & Waltz: Waltz V

PROBLEM



Problem

* Prove the termination of the Waltz procedure



TERMINATION WALTZ



Termination Waltz

 Waltz's procedure terminates if
— No possibilities for some vertex  OR
— No reduction of junction piles
 Waltz's procedure does not terminate if

— Only non-empty piles AND
— Reduction of piles possible

* BUT

— Piles are finite = Number of iterations finite
—> Waltz's procedure terminates



