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Abstract. We present a new approach to termination analysis of Con-
straint Handling Rules. The approach, compared to existing approaches,
is applicable to a much larger class of CHR programs. A new termi-
nation condition is formulated, that instead of a termination argument
based on the comparison of sizes of consecutive computation states, ver-
ifies conditions imposed on the dynamic process of adding constraints
to the store. The condition’s applicability to CHR programs, with rules
not only of the simplification type, has been successfully tested, using a
semi-automated analyzer.
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1 Introduction

Constraint Handling Rules (CHR), created by Thom Frühwirth [4], is a rela-
tively young member of the family of declarative programming languages. It is a
concurrent, committed-choice, logic programming language. CHR is constraint-
based and has guarded rules that rewrite multi-sets of atomic formulas. Its sim-
ple syntax and semantics make it well-suited for implementing custom constraint
solvers [4, 9, 3, 10, 11]. It is in particular the latter feature of the language, that
caused its success and impact on the research community.

Although the language is strongly related to Logic Programming (LP) and
to a lesser extent also to Term-Rewrite Systems (TRS), termination analysis
of CHR programs has received little attention. To the best of our knowledge,
there were only two contributions thus far. The main contribution is reported
in [5] and is limited to CHR programs without the so called ’propagation rules’.
They show that, for this class of CHR programs, termination analysis techniques
developed for LP [1] and TRS [2] are adaptable to the CHR context.

The second contribution is a transformational approach, where CHR pro-
grams are transformed into Prolog programs [8]. The transformation, however,
does not consider a propagation history. Therefore, in order to prove termination
of CHR programs with propagation rules, the transformation is extended with
a transformation of propagation rules into rules of the simplification type. This
transformation is restricted to single-headed propagation rules.
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We present a different approach to termination analysis of CHR programs.
The approach is applicable to a much larger class of CHR programs. We propose
a new termination condition, that instead of a termination argument based on
the comparison of sizes of consecutive computation states, verifies conditions
imposed on the dynamic process of adding constraints to the store. We show
the condition’s applicability to CHR programs with propagation rules and have
successfully tested it on a set of CHR programs, using a prototype analyzer.

This paper is organized as follows. In Section 2 we discuss briefly CHR, its
syntax and its operational semantics. In Section 3 we introduce the in-language
approach to termination analysis of CHR programs with simplification only,
as discussed in [5]. In Section 4 we present a ranking condition that implies
termination of general CHR programs. In Section 5 we prove termination of a
set of CHR programs and discuss where our approach succeeds and where it
fails compared to existing approaches. In Section 6 we evaluate our condition.
Finally, in Section 7 we conclude this paper and discuss future work.

2 Syntax and Semantics of CHR

We briefly introduce the necessary aspects of CHR. For a more elaborate intro-
duction see [4].

Syntax. A constraint in CHR is a first-order predicate. We distinguish between
built-in constraints, predefined and solved by the underlying constraint solver,
and CHR constraints, user-defined and solved by a finite set of CHR rules (CHR
program). Rules are of the form:

Simplification rule: Propagation rule: Simpagation rule:
true \H ⇔ G | B. H \ true ⇔ G | B. H1 \H2 ⇔ G | B.
or H ⇔ G | B. or H ⇒ G | B.

The multi-head, H (or H1 and H2), is a conjunction of CHR constraints. The
body, B, is a conjunction of built-in and CHR constraints. The optional guard,
G, is a conjunction of built-in constraints. Empty conjuncts are denoted by the
built-in constraint true. As in Prolog syntax conjuncts are separated by commas.

Example 1 (Fibonacci). Mathematically, the Fibonacci function is defined as
follows, where n ∈ N.

fib(n) =

{
if n ≤ 1 then 1
if n > 1 then fib(n− 1) + fib(n− 2)

The CHR program below implements a Fibonacci algorithm.

fib(N,M1), fib(N,M2) ⇔ M1 = M2 | fib(N,M1).
fib(N,M) ⇒ N < 2 | M = 1.
fib(N,M) ⇒ N > 1 | N1 is N − 1, N2 is N − 2,

fib(N1,M1), fib(N2,M2),M is M1 + M2.



The program is composed of a simplification rule and two propagation rules. The
simplification rule removes redundant constraints. The first propagation rule,
resolves base cases. The second propagation rule adds CHR constraints repre-
senting Fibonacci numbers and built-in constraints relating their arguments. �

Semantics. A CHR program defines a state transition system, where the state
is defined as a conjunction of CHR and built-in constraints, called the constraint
store. The initial state or query is an arbitrary conjunction of constraints. In a
final state or answer, either the built-in constraints are inconsistent (failed state),
or no more transitions are possible. The transition relation, 7−→, between states,
given a constraint theory CT (built-ins) and a CHR program P , is defined as:

Transition Relation
H ′

1 ∧H ′
2 ∧D 7−→ ((H1 ∧H2) = (H ′

1 ∧H ′
2)) ∧G ∧B ∧H ′

1 ∧D
if H1 \H2 ⇔ G | B. in P and
CT |= D → ∃x̄(((H1 ∧H2) = (H ′

1 ∧H ′
2)) ∧G)

A rule is applicable to CHR constraints, H ′, whenever these match (are instance
of) the head atoms H of the rule, such that the guard G is satisfied, given the
built-ins in the store. The matching is the effect of the existential quantification
in ∃x̄(H = H ′), where x̄ denotes the variables in the head of the rule chosen from
P . B represents a conjunction of built-ins and CHR constraints, added to the
constraint store. Rule application is non-deterministic and committed-choice.

In what follows we say that a program P and a query I terminate if all
computations for I and P end in a final or failed state. By a non-cyclic rule we
mean a rule that does not give cause (directly or indirectly) to CHR constraints,
that match with one of the rule’s heads. By a cyclic rule we mean a rule which
does give cause to such constraints.

As propagation rules do not remove constraints from the store, these con-
straints can fire the propagation rule again. This is called trivial non-termination.
A propagation history can prevent this kind of non-termination by allowing a
propagation rule to fire at most once on the same set of constraints. Such be-
havior is obtained operationally by a set of tokens, each representing an ordered
conjunction of labeled constraints that have fired a specific rule. For a more
detailed description of the propagation history we refer to [4].

Example 2 (Fibonacci cont.). We briefly discuss a computation for Fibonacci,
omitting discussion of the computation of built-ins. With a typical query like
fib(3 ,N ), the last propagation rule adds two new fib/2 constraints with lower
first arguments to the store (but does not remove the constraint fib(3 ,N )). This
propagation rule fires again on the added constraint, fib(2 ,N ), adding again two
constraints with lower first argument to the store. The first propagation rule re-
solves base cases (without removing the fib(1 ,Ni), fib(0 ,Nj ) constraints), while
the simplification rule removes duplicates. The simplification rule is redundant.
The program is able to compute the result of the Fibonacci function without ac-
tivating it. The constraint store fib(3 , 3 ) ∧ fib(2 , 2 ) ∧ fib(1 , 1 ) ∧ fib(0 , 1 ) is the
end state. If the simplification rule had not been present, the answer would have
been fib(3 , 3 ) ∧ fib(2 , 2 ) ∧ fib(1 , 1 ) ∧ fib(1 , 1 ) ∧ fib(0 , 1 ). �



3 The Ranking Condition for CHR with simplification
only

In [5], termination proofs for CHR make use of a ranking function that maps
constraints to natural numbers. It is the direct counterpart of the norm and
level mapping used in LP [1]. One difference, however, is that in LP it suffices
to reason about the rank or level values of individual atoms. In CHR, multiple
constraints are simultaneously replaced by a number of new constraints, or - for
propagation rules - give rise to the addition of new constraints. Although this
implies different termination conditions, [5] shows that concepts and ideas from
LP termination analysis are adaptable to CHR with simplification only.

Termination is proved by showing a decrease between the added and the re-
moved constraints, for all CHR rules in the program. These decreases must be
shown by using a bounded ranking function, |.|, mapping constraints to natural
numbers. A ranking function is bounded for a given finite set of constraint liter-
als, c(t1, . . . , tn), whenever the ranking value of any variable substitution, σ, of
these constraints, is bounded by a natural number:

∃x ∈ N : ∀σ, |c(t1, ..., tn)σ| ≤ x.

In [5], linear ranking functions,

|.| : |c(t1, ..., tn)| = a
c/n
0 + a

c/n
1 × ||t1||+ ... + ac/n

n × ||tn||,

are used to map constraints to natural numbers. Here the superscripts identify
the involved constraint predicates c/n and the norm, ||.||, is a mapping of terms
to natural numbers. By using such a ranking function we can only satisfy the
boundedness criteria if argument positions containing variables are neglected. As
boundedness propagates from one state to the next, given the ranking condition
(RC) proposed by Thom Frühwirth, we only have to show boundedness of the
goal w.r.t. the chosen CHR ranking function, |.|. Note that built-ins may imply
constraints between the norms of their arguments. We call these constraints,
rank constraints.

Definition 1 (Ranking condition for simplification only [5]). The ranking
condition for simplification only is the formula ∀(RC(G, B) → H � B) for all
rules H ′\H ⇔ G | B, where RC(G, B) is the conjunction of the rank constraints
derived from the built-ins in the guard and body of the rule. �

By H � B we mean rank(H) >D rank(B), where rank(.) is a function
mapping a conjunction of constraints to an element of a well-founded domain
D, using the ranking values of the constraints in the conjunction. As conjunc-
tion is assumed to be commutative, rank(.) has to be invariant under commu-
tation. Built-in constraints are mapped to 0 as the underlying constraint theory
is assumed to terminate on its own. Variables are mapped to natural numbers
greater or equal than 0. The next simple example illustrates the RC for CHR
with simplification only. The program counts the number of additions and
represents the result of all these additions.



Example 3 (Addition). The next program adds a set of integers and counts the
number of additions that were performed. The answer can be used to calculate
the mean of a set of integers.

count(C), int(N1), int(N2) ⇔ N is N1 + N2, CC is C + 1,
count(CC), int(N).

The program obviously terminates as the number of constraints in the constraint
store, used to represent the integers, is decreased every time the rule fires. We
use a linear ranking function to map constraints to natural numbers. With co-
efficients,

a
count/1
0 = 1 a

count/1
1 = 0 a

int/1
0 = 1 a

int/1
1 = 0

we get, |count(C)| = 1 + 0 × ||C|| = 1 and |int(N)| = 1 + 0 × ||N || = 1.
Thus measuring the size of the constraint store, by the sum of measures of the
constraints in it, we get 3 > 2 or when using multi-set order, {1, 1, 1} >m {1, 1}.
Here, >m denotes multi-set order. Both prove termination of the CHR program
for all queries as all queries are bounded w.r.t. |.|. �

A more elaborate example is given next, where an implementation of the
factorial algorithm is proved terminating.

Example 4 (factorial). The next program calculates the factorial of a natural
number greater than 1. The first simplification rule transforms a query con-
straint, factorial(n,M ) (n ∈ N), into a constraint that can hold the intermediate
value used for calculating the factorial of a number. The second rule decreases the
first argument and multiplies the intermediate value with the decreased value.
The calculated next intermediate value replaces the old, until the first argument
becomes 1. Then the third rule will bind the variable holding the result to the
intermediate value.

factorial(F,Result) ⇔ factorial(F, F,Result).
factorial(C, I, R) ⇔ C > 1 | C1 is C − 1, II is I ∗C1, factorial(C1, II, R).
factorial(C, I, R) ⇔ C = 1 | R = I.

The program terminates as the first and the third rule are non-cyclic and the
the first argument of a constraint that matches the head of the second rule
is decreased upon rule application. We use a linear ranking function to map
constraints to natural numbers. With coefficients,

a
factorial/2
0 = 1 a

factorial/2
1 = 1 a

factorial/2
2 = 0

a
factorial/3
0 = 0 a

factorial/3
1 = 1 a

factorial/3
2 = 0 a

factorial/3
3 = 0

we get, for the first rule |factorial(F,Result)| = 1 + 1× ||F ||+ 0× ||Result|| =
1+F and |factorial(F, F,Result)| = 0+1×||F ||+0×||F ||+0×||Result|| = F .
Indeed 1 + F > F . For the second rule, we get C > C1 > 0, which is implied
by the built-ins C > 1 and C1 is C − 1 in the guard of the second rule. For the
third rule we only add built-in constraints which are mapped to 0. A decrease is,
therefore, shown as the built-in C = 1 is in the guard of the rule. The program
terminates for all queries factorial(n,M ) (n ∈ N). �



4 The ranking condition for CHR

The extension to programs with propagation gives a totally new termination
problem. In LP, TRS and CHR with simplification only, a decrease between
consecutive states implies termination. Here, for LP and TRS we refer to de-
creases of sizes of atoms or terms, while for CHR with simplification only we
refer to decreases of the sum of the sizes of the constraints in the store. For CHR
with propagation, new constraints are added and no existing constraints are re-
moved. One would need to keep track of information regarding the propagation
history to observe a decrease.

Instead of a termination argument based on a comparison of sizes of consec-
utive computation states, we formulate and verify conditions imposed on the dy-
namic process of adding constraints to the store. We formulate conditions which
guarantee that the entire computation only adds a finite number of constraints
to the store. Due to the use of a propagation history, this implies termination.

In the following, P denotes a CHR program and I a query. AtomP and
TermP respectively denote the set of constraints and terms that can be con-
structed from P .

Definition 2 (Norm, Level Mapping). A norm, ||.|| : TermP → N, is a
function from terms to natural numbers. A level mapping, |.| : AtomP → N, is
a function from CHR-constraints to natural numbers. �

As a selection for the norm we often use term-size and list-length and we restrict
our attention to linear level mappings: given a norm ||.||, for every constraint
c/n there exist natural numbers f

c/n
0 , f

c/n
1 , ..., f

c/n
n , such that |c(t1, ..., tn)| =

f
c/n
0 + f

c/n
1 ||t1||+ ... + f

c/n
n ||tn||, for any terms t1, ..., tn.

Definition 3 (Rigidity). Let C be a CHR constraint and |.| a level mapping.
C is rigid w.r.t. |.| if for any substitution θ : |Cθ| = |C|. �

We will use the rigidity property w.r.t. a call set.

Definition 4 (Call Set). Given a program P and a query I, the call set for P
and I, Call(P , I ), is the set of all CHR-constraints which enter the constraint
store during a computation of P and I. �

Typically, in an automated analysis, we will use abstract interpretations to com-
pute a safe (upper) approximation of the call set. A call set is then an abstract
representation of all constraints that can ever be part of the constraint store
during the execution of P and I.

The next proposition states that if only a finite number of constraints ever
enter the constraint store, P and I terminate. This proposition is used to prove
that our RC for CHR implies termination of P and I. Note that, if a same
constraint is added multiple times to the constraint store, then we consider these
additions as different.

Proposition 1 (Termination of a CHR program). If for a CHR program
P and a query I, there are only a finite number of additions of constraints to
the constraint store during the execution of P and I, then P and I terminate. �



Proof. If only a finite number of constraints are ever added to the constraint
store that means that only a finite number of rules could have fired during the
execution, which is equivalent to termination of the program. �

The next definition gives our RC for CHR. It is applicable to general CHR
programs and defines when rules in programs satisfy the RC.

Definition 5 (Ranking condition for CHR). A program P and a query I
satisfy the RC for CHR, w.r.t. a level mapping |.| if

1. all elements in Call(P , I ) are rigid with respect to |.| and
2. for each rule in P and for each conjunction of atoms H ′ in Call(P , I ) which

matches with the head H of the rule, using matching substitution θ, and such
that all guards and built-in constraints in Gθ and Bθ can be satisfied with
answer substitution θ′:
– For a simplification rule H1, ...,Hn ⇔ G | B1, ..., Bm, with body-CHR
constraints Bk, ..., Bm, then

either mh > mb or, either mh = mb and qh > qb,
where qh is the number of head constraints with rank mh = maxi=1,...,n|Hiθ|
and qb of the body-CHR constraints with rank mb = maxj=k,...,m|Bjθθ

′|.
– For a propagation rule: H1, ...,Hn ⇒ G | B1, ..., Bm, with body-CHR
constraints Bk, ..., Bm, then

for all i = 1, ..., n and j = k, ...,m:|Hiθ| > |Bjθθ
′|. �

This RC for CHR implies that only a finite number of constraints are added
to the constraint store during the execution of P and I. Therefore, the RC for
CHR implies termination by finite addition of constraints.

Theorem 1 (Sufficiency of the RC). Let Call(P, I) be rigid w.r.t. a level-
mapping, |.|, such that P and I satisfy the RC with respect to |.|, then all com-
putations for P and I terminate. �

Proof. In order to prove termination of a CHR program P and a query I, it is
sufficient to prove that the total number of CHR constraints, added during the
execution of P and I, is finite.

The proof first shows that there exists a maximally ranked constraint. Then
it shows that there exists an upper limit for the number of maximally ranked
constraints that are added to the constraint store during the execution of the
program. Then by induction we show that if one upper bound is known, we
can derive upper bounds for the smaller ranking values, as long as the CHR
program satisfies the RC for CHR. This implies that the total number of added
constraints is finite and therefore P and I must terminate.

Base case. Let the call-set, Call(P, I), be rigid w.r.t. a level mapping, |.|.
Then, a given query, I, only contains constraints which are smaller or equal
than some maximal level mapping. Let us call this maximal level mapping, max.
The number of constraints that are mapped to max is finite. Given the RC for
CHR, there is no rule which can add constraints mapped to a number larger



than max. Given the RC for CHR, there is no rule which can add constraints
mapped to a number equal to max, unless it removes more constraints with a
level mapping max. Therefore, there is only a finite number of constraints with
level max that are ever generated.

Induction step. Let now amax, ..., an+1 be upper limits for the number of CHR
constraints that can be added to the store during the execution of P, such that
these correspond to constraints of which the level mapping equals the subscript
number. Then we now proof that we can derive an upper limit for the number
of constraints with a level mapping n: an.

1. The number of constraints, an, consists of some constraints which originate
from the query. As the query is finite, this number has to be finite as well and
is known in advance.

2. For every propagation rule that adds a constraint with level mapping n,
its cause has to be constraints with level mappings bigger than n. As the number
of constraints with a level mapping bigger than n is known, we can derive an
upper limit for the number of constraint with rank n that are added to the store,
during the execution of P and I.

3. For rules of the simplification type we differentiate between two cases.
The first case is where a simplification rule replaces a constraint by another
constraint that has a lower level mapping. Therefore, constraints with a level
mapping equal to n can only be produced by a finite set of constraints that
are higher in level mapping. Finiteness of the set implies finiteness of the added
constraints of level mapping n.

4. The second case is where a simplification rule reduces the number of
occurrences of the highest ranked constraint. For these rules, a constraint can
only be added when more constraints of the same level mapping are removed
from the store. This is a process which dies out and for which the upper limit of
added constraints can be derived. �

Example 5 (Fibonacci cont.). Let fib(n,M ) be any query, with n a natural num-
ber and M a free variable. One can infer that the call set is the set {fib(n,M ),
fib(n,m) | n, m natural numbers and M a free variable }. As a norm, we map
each natural number to itself. The level mapping is defined on the call set as
|fib(n,X )| = ||n|| = n. Clearly the call set is rigid w.r.t. |.|. For the first rule we
have: |fib(n,M1 )| = |fib(n,M2 )| = |fib(n,M1 )| = n. So, mh = mb and qh > qb.
The conditions for rule 2 are trivially satisfied, since it has no CHR constraints
in the body. Finally, for rule 3, |fib(n,M )| = n > |fib(n1 ,M1 )| = n − 1 and
|fib(n,M )| = n > |fib(n2 ,M2 )| = n− 2. Thus, the program terminates for these
queries. �

5 The RC for CHR, by example

This section presents a set of CHR programs that we can prove terminating
and a set which cannot be proved terminating. The first two examples can be



proved terminating by both our RC as the RC for simplification only. The next
two examples cannot be proved terminating by the RC for simplification only,
but can using our RC. The fifth example can only be solved by the RC for
simplification only. It is representative of a first class of problems which cannot
be handled by our RC. The sixth example cannot be solved by either RC. This
program is part of a second class of problems for which no solution exists yet.

Example 6 (Greatest common divisor). The next program calculates the greatest
common divisor of a set of positive integer numbers, gcd(n) (n ∈ N).

gcd(0) ⇔ true.
gcd(M) \ gcd(N) ⇔ N >= M,M > 0 | NN is N −M, gcd(NN).

The program’s first rule removes gcd(0 ) constraints. The second rule implements
the Euclidean algorithm for finding the greatest common divisor. It replaces the
biggest of two natural numbers by their difference.

One can infer that the call set is the set, {gcd(n) | n natural number }. As a
norm, we map each natural number to itself. The level mapping is defined on the
call set using the following coefficients, yielding the level mapping as presented
in the third column.

a
gcd/1
0 = 1 a

gcd/1
1 = 1 |gcd(N)| = 1 + ||N ||

Decreases are detected for every rule in the CHR program, which proves termi-
nation of the program. The first rule replaces a constraint gcd(0 ), mapped to 1,
by a built-in constraint true, mapped to 0. The first rule, therefore, satisfies the
RC for CHR. The second rule replaces a constraint gcd(N ), mapped to 1+N ,
by the constraint gcd(NN ), mapped to 1+NN . Given the built-ins in the second
rule, we obtain NN is N −M , M > 0 and N > M . Therefore, N > NN , which
implies that the second rule satisfies the RC for CHR as well, resulting in a
proof of termination. �

Example 7 (Generate interval). The next program generates an interval of in-
teger values defined by the constraints min/1 and max/1 . These constraints
respectively represent the lower and upper bounds of the interval to generate. Its
intended use is querying it with a pair of min-max constraints, min(n),max (m),
representing the interval to generate, by the natural numbers n and m.

min(A),max(A) ⇔ int(A).
min(A),max(s(A)) ⇔ int(A), int(s(A)).
min(A),max(s(B)) ⇔ A < B | int(A), int(s(B)),min(s(A)),max(B).

The program’s first rule and second rule are base cases. Either the min-max
constraints have equal arguments or they differ by one. These base cases re-
move interval constraints and add integer constraints. The third rule is cyclic.
It increases the lower bound and decreases the upper bound, represented by the
min-max constraints, while it generates integer constraints.

One can infer that the call set is the set {min(n1),max(n2), int(n3) | ni

natural numbers }. As a norm, we map each natural number to itself. The level
mapping is defined on the call set using the following coefficients, yielding the
level mapping as presented in the third column.



a
min/1
0 = 1 a

min/1
1 = 0 |min(A)| = 1

a
max/1
0 = 0 a

max/1
1 = 1 |max(B)| = ||B||

a
int/1
0 = 0 a

int/1
1 = 0 |int(N)| = 0

Decreases are detected for every rule in the CHR program, which proves termi-
nation of the program. The first rule satisfies the RC for CHR as |min(A)|+
|max(A)| > |int(A)| = 0. The second rule satisfies the RC for CHR as well as
|min(A)|+ |max(s(A))| > |int(A)|+ |int(s(A))| = 0. The third rule satisfies the
condition as 1+ ||s(B)|| = |min(A)|+ |max(s(B))| > |min(s(A))|+ |max(B)| =
1 + ||B||. This is a proof of termination. �

Example 8 (Primes). The next program generates prime numbers. A typical
query, primes(n), where n is a natural number, yields all prime numbers smaller
or equal to n.

primes(I) \ primes(J) ⇔ K is J mod I, K = 0 | true.
primes(N) ⇒ N > 1 | N1 is N − 1, primes(N1).

The first rule removes all generated natural numbers which can be divided by
another generated number. After all, when a natural number is divisible by
anything else than itself and 1, it is not prime. The second rule generates all
natural numbers lower than the number which was queried for and bigger than
1. This rule is cyclic.

The call set is the set {primes(n) | n natural number }. As a norm, we map
each natural number to itself. The level mapping is defined on the call set using
the following coefficients, yielding the level mapping as presented in the third
column.

a
primes/1
0 = 1 a

primes/1
1 = 1 |primes(N)| = 1 + ||N ||

Every rule in the CHR program satisfies the ranking condition for CHR, which
proves termination of the program. We get |primes(N)| > 0 for the first rule.
For the second rule, |primes(N)| > |primes(N1)| because N1 is N − 1. �

Example 9 (Fibonacci). The next program generates Fibonacci numbers. The
program is different from the example program given earlier. It does not generate
redundant Fibonacci constraints. A typical query, fib(n,M ), where n is a natural
number and M is a free variable, yields the first n Fibonacci numbers.

fib(N,M) ⇒ N1 is N − 1, fibo(N,M), fibo(N1,M1).
fibo(N,M) ⇒ N < 2 | M = 1.
fibo(N1,M1), fibo(N2,M2) ⇒ N1 >= 2, N2 is N1− 1 |

N is N2− 1, fibo(N,M),M1 is M + M2.

The first rule generates the first two constraints that are used to generate the
remaining Fibonacci numbers. The third rule is cyclic and generates from two
consecutive Fibonacci numbers, the Fibonacci number that is next in line. The
second rule resolves the base cases. The third rule adds built-in constraints that
result in bindings for the Fibonacci values.



The call set is the set {fib(n1,M1), fib(n2,m2), fibo(n3,M3), fibo(n4,m4) |
ni and mj natural numbers and Mk free variables }. As a norm, we map each
natural number to itself. The level mapping is defined on the call set using
the following coefficients, yielding the level mapping as presented in the fourth
column.

a
fib/2
0 = 2 a

fib/2
1 = 1 a

fib/2
2 = 0 |fib(N,M)| = 2 + ||N ||

a
fibo/2
0 = 1 a

fibo/2
1 = 1 a

fibo/2
2 = 0 |fibo(N,M)| = 1 + ||N ||

Every rule in the CHR program satisfies the ranking condition for CHR, which
proves termination of the program. We get for the first rule |fib(N,M)| >
|fibo(N,M)| > |fibo(N1,M1)| > 0 (N1 < N). For the second rule the body
constraint is a built-in and |fibo(N,M)| > 0. The third rule requires that the
level mappings of both head constraints are bigger than the level-mappings of
the body constraints: |fibo(N1,M1)| > |fibo(N2,M2)| > |fibo(N,M)| > 0. �

Example 10 (Problem class 1). The next example program cannot be proved
terminating by the RC for CHR but can be proved terminating by the RC for
CHR with simplification only.

con(s(N)), con(N), con(N) ⇔ con(s(N)), con(N).
con(s(N)) ⇔ con(N).

The call set is the set, {con(n) | n natural number }. To satisfy the RC for
CHR we require that for the second rule, |con(s(N))| > |con(N)| which makes
it impossible to satisfy the RC for CHR on the first rule. There we can only
satisfy the RC if |con(N)| ≥ |con(s(N))|. Obviously, when satisfying the RC
for CHR with simplification only, a multi-set order proves termination of
the program, by mapping con/1 constraints to the argument’s natural number
value. The reason why the condition on simplification rules, part of the RC
for CHR, is less powerful than the RC for CHR with simplification only,
is because one could otherwise add a propagation rule con(s(N)) ⇒ con(N). to
the program and prove termination, while the program would not terminate. �

Example 11 (Problem class 2). Another class of CHR programs for which there
exists no solution yet, are programs that implement graph algorithms. For these
algorithms (e.g. path consistency) the goal can not be a graph containing cycles.

The next example is a graph completion algorithm. The first rule removes
duplicate arcs, while the second completes the graph by applying the property of
transitivity. If the goal is a finite acyclic graph the program terminates. However,
if the graph does contain cycles, infinite computations are a direct result of that
property. After all, the second rule can be applied to duplicate arcs before the
first rule removes them.

arc(I, J) \ arc(I, J) ⇔ true.
arc(I, J), arc(J,K) ⇒ arc(I, K).

Graph completion algorithms are difficult to prove terminating as the only way
of proving that the second rule satisfies the RC for CHR is by making sure that



the distance between J and I and between K and J are both smaller than the
distance between K and I, given that there exists a largest distance in the graph.
This is only possible if the query is a finite acyclic graph. Current approaches
fail to prove this, as they cannot infer such a property. �

6 Experimental evaluation

We have implemented a prototype system using the proposed RC for CHR and
tested it on a benchmark of CHR programs. The benchmark consists of a set
of CHR programs based on LP termination problems, a set of CHR programs
taken from [5], marked with a ′∗′, and some others taken from WebCHR 1. The
symbol ′+′ denotes that the system has proved termination of the program, ′−′

that it failed to do so. All programs terminate.

CHR, simplification only
ackermann - convert + linpoleq∗ - pathcons∗ -
average - diff + max + power +
binlog + factorial + mean + revlist +
booland∗ + gcd + mergesort + som +
boolcard∗ + genint + modulo + toyama -
concat - joinlists + oddeven + weight -

General CHR
arccons∗ - bool + fibonacci1 + fibonacci2 +
integrity + primes1 + primes2 +

The success rate of the system is good, both for simplification only as for the
general case. In order to be able to deal with propagation, our conditions on
simplification rules is more strict than the condition in [5]. Therefore, for CHR
programs with simplification only, the technique in [5] is more powerful. However,
[5] cannot show termination of CHR programs with propagation rules, where our
approach succeeds.

7 Conclusion

In this paper we discussed a new approach to termination analysis of CHR pro-
grams. Until now automated termination analysis was restricted to CHR pro-
grams with simplification only. Our condition allows for termination analysis of
general CHR programs, that is, CHR programs with propagation as well. The
condition on simplification rules was strengthened in order to be able to formu-
late a condition for propagation rules. Therefore, a small class of CHR programs
cannot be proved terminating, where the condition proposed by Thom Frühwirth
can. Our approach is, however, able to prove termination of CHR programs with
propagation rules, where the condition for CHR with simplification only, fails.

1 http://chr.informatik.uni-ulm.de/∼webchr/



When both conditions are combined in automated analysis even better results
are obtained. By applying the condition for simplification only on programs
where there are no propagation rules, we obtain the best of both worlds.

The condition we propose has been partly automated. Every CHR program
gives rise to constraints on the coefficient of the linear level mappings. If a
consistent solution is found, it means that the program terminates.

Scalability of our technique is comparable to scalability of LP termination
analysis, where the bigger the program, the exponentially more difficult the
constraint problem becomes. Recently, a number of publications reported very
good results w.r.t. termination analysis of LP and TRS programs, using de-
pendency analysis [7, 6]. Here, programs are split in smaller problems (strongly
connected components) which can be solved separately. These techniques might
be adaptable to the CHR context as well. Future work will therefore be directed
to dependency analysis of CHR.
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